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Let G be a compact, connected, and simply-connected Lie group, equipped with
a Lie group involution σG and viewed as a G-space via the conjugation action. In
this thesis we compute Atiyah’s Real K-theory of G in several contexts.
We first obtain a complete description of the algebra structure of the equivari-
ant KR-theory of both (G, σG) and (G, σG ◦ inv), where inv means group inversion,
by utilizing the notion of Real equivariant formality and drawing on previous
results on the module structure of the KR-theory and the ring structure of the
equivariant K-theory.
The Freed-Hopkins-Teleman Theorem (FHT) asserts a canonical link between
the equivariant twisted K-homology of G and its Verlinde algebra. In the latter
part of the thesis we give a partial generalization of FHT in the presence of a Real
structure ofG. Along the way we develop preliminary materials necessary for this
generalization, which are of independent interest in their own right. These include
the definitions of Real Dixmier-Douady bundles, the Real their cohomology group
which is shown to classify the former, and Real Spinc structures.
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CHAPTER 1
BACKGROUND
1.1 Overview
This thesis addresses generalizations to Atiyah’s Real K-theory (or KR-theory) of
complex K-theory of compact Lie groups in several contexts.
It has been well-known, since 40s, that any generalized cohomology theory
of a Lie group is a Hopf algebra, with comultiplication induced by group mul-
tiplication, while the complex K-theory of compact connected Lie groups with
torsion-free fundamental groups was explicitly worked out by Hodgkin in the 60s
(cf. [Ho] and Theorem 2.1.4). Hodgkin’s result asserts that the K-theory ring is the
Z2-graded exterior algebra overZ on the module of primitive elements of the Hopf
algebra, which are of degree −1 and associated with the representations of the Lie
group. For the elegant proof of Hodgkin’s result in the special case where G is
simply-connected, see [At2].
In [At3], Atiyah introduced KR-theory, which is basically a version of topolog-
ical K-theory for the category of Real spaces, i.e. topological spaces equipped with
an involution. KR-theory can be regarded as a hybrid of KO-theory, complex K-
theory and KSC-theory (cf. [At3]). One can also consider equivariant KR-theory,
where a certain compatibility condition between the group action and the involu-
tion is assumed. For definitions and some basic properties, see Definitions 1.3.1
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and 1.3.6, [At3] and [AS].
Since Atiyah and Hodgkin’s work, there have appeared two kinds of gen-
eralizations of K-theory of compact Lie groups. The first such is KR-theory of
compact Lie groups, which was first studied by Seymour (cf. [Se]). He obtained
the KR∗(pt)-module structure of KR∗(G), where G is a compact, connected and
simply-connected Lie group equipped with a Lie group involution, using his
structure theorem of KR-theory of a certain type of spaces (cf. Theorems 2.3.1, 2.3.5
and 2.3.8). He was unable to obtain a complete description of the ring structure,
however, and could only make some conjectures about it.
The second one is the equivariant K-theory of compact Lie groups. In [BZ],
Brylinski and Zhang showed that, for a compact connected Lie group G with tor-
sion free fundamental group, the equivariant K-theory, K∗G(G), where G acts on
itself by conjugation, is isomorphic to the ring of Grothendieck differentials of
the complex representation ring R(G) (for definition, see [BZ]). It is noteworthy
that G satisfies the property of being weakly equivariantly formal a` la Harada and
Landweber (cf. Definition 4.1 of [HL] and Remark 2.1.8).
The third one is a deep result by Freed-Hopkins-Teleman, which relates the
twisted equivariant K-homology of a compact Lie group with Verlinde algebra,
the representation group of positive energy representations of its loop group
equipped with an intricately defined ring structure called fusion product (cf. [Fr],
[FHT1], [FHT2], [FHT3]). Verlinde algebra is an object of great interest in mathe-
matical physics and algebraic geometry. One of the remarkable aspects of Freed-
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Hopkins-Teleman Theorem is that it provides an algebro-topological approach to
interpreting the fusion product, which is usually defined using conformal blocks
or moduli spaces of G-bundles on Riemann surfaces (cf. [Be], [BL]). Moreover,
Freed-Hopkins-Teleman also provides the framework for a formulation of geo-
metric quantization of q-Hamiltonian spaces (cf. [M3] and [M4]). We will discuss
Freed-Hopkins-Teleman Theorem in greater details in Chapter 4.
In this thesis, we give generalizations of Brylinski-Zhang’s and Freed-
Hopkins-Teleman’s results in the context of KR-theory. The organization is as
follows.
The rest of Chapter 1 covers the background materials of this thesis, some of
which cannot be found by us in the literature and thus are recorded here, for they
are of independent interest in their own right. We review KR-theory, K-homology
and its twisted version. We find the representing spaces for KR-theory, define
Real Dixmier-Douady bundles which are used to realize the twists of KR-theory
(homology) and the Real third cohomology groups which is shown to classify the
twists. We also carefully develop the notion of Real Spinc structures and Real
orientation twists. We show that KR-theory twisted by the Real orientation twist
of R4 is Quaternionic K-theory (cf. Proposition 1.6.3).
In Chapter 2, based on the previous works of Seymour’s and Brylinski–
Zhang’s and putting both the Real and equivariant structures together, we obtain
a description of the ring structure of the equivariant KR-theory of any compact,
connected and simply-connected Lie group, which is recorded in Theorem 2.5.33.
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We express the ring structure using relations of generators associated to Real
representations of G of real, complex and quaternionic type (with respect to the
Lie group involution). Our main contribution is twofold. First, we observe that
the conditions of Seymour’s structure theorem are an appropriate candidate for
defining the notion of ‘Real formality’ in analogy to weakly equivariant formality.
These notions together prompt us to introduce the definition of ‘Real equivariant
formality’, which leads to a structure theorem for equivariant KR-theory (Theo-
rem 2.5.5). Any compact, connected and simply-connected Real Lie group falls
under the category of Real equivariantly formal spaces and Theorem 2.5.5 enables
us to obtain a preliminary description of the equivariant KR-theory as an alge-
bra over the coefficient ring. In fact the notion of Real equivariant formality will
be heavily used throughout this thesis. Second, inspired by Seymour’s conjec-
ture, we obtain the squares of the real and quaternionic type generators, which
in addition to other known relations complete the description of the ring struc-
ture. These squares are non-zero 2-torsions in general. Hence the equivariant
KR-theory in general is not a ring of Grothendieck differentials, as in the case for
equivariant K-theory. Despite this, we remark that, in certain cases, if we invert 2
in the equivariant KR-theory ring, then the result is an exterior algebra over the
localized coefficient ring of equivariant KR-theory.
Chapter 3 is basically an outgrowth of Chapter 2. We equip G instead with
an anti-involution, and observe that it is also a Real equivariantly formal space.
We obtain the algebra structure of the corresponding equivariant KR-theory using
the strategy in Chapter 2. We find that the squares of the algebra generators are
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0 (cf. Theorem 3.2.8), in stark contrast to the case considered in Chapter 2. In
the special case where G does not have any Real representations of complex type,
the equivariant KR-theory is simply the ring of Grothendieck differentials of the
coefficient ring of KR-theory. This suggests that anti-involutions are the right type
of involutions needed to generalize Brylinski-Zhang’s result.
The benefit of considering the anti-involution does not end there. We devote
Chapter 4 to a partial generalization of Freed-Hopkins-Teleman Theorem. As a
matter of fact all the work in this thesis is motivated by our desire to obtain such
a generalization. Using the preliminary materials we develop in the latter sec-
tions in Chapter 1, we find that G equipped with an anti-involution, instead of an
involute automorphism, is the right candidate for generalizing Freed-Hopkins-
Teleman in KR-homology. Following the idea in [M2] of applying Segal’s spectral
sequence to a simplicial description of G, we find that the twisted equivariant KR-
homology of G endowed with anti-involution in the special case that G does not
have compelex type representations is isomorphic to the tensor product of Ver-
linde algebra and the KR-homology coefficient ring (cf. Theorem 4.6.4). We also
make a conjecture about the general case (Conjecture 4.6.6) and draft a future re-
search direction along the line of geometric quantization of q-Hamiltonian spaces
expounded in [M2], [M3] and [M4].
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1.2 Notations and conventions
Throughout this thesis, we use Γ = {1, γ} to denote the group of order 2, and σX
to denote the involutive homeomorphism induced by γ on the Real space X. If
X is a group G, σG always means an involutive automorphism, while aG means
the corresponding anti-involution σG ◦ inv, where inv means group inversion. We
sometimes suppress the notations for involution if there is no danger of confusion
about the involutive homeomorphism. For example, we simply use G with the
understanding that it is equipped with σG, while we use G− to mean the group
G equipped with aG. Following the convention in [At3], we use the word ‘Real’
(with a capital R) in all contexts involving involutions, so as to avoid confusion
with the word ‘real’ with the usual meaning. For example, ‘Real K-theory’ is used
interchangeably with KR-theory, whereas ‘real K-theory’ means KO-theory. More-
over, we do not discriminate between the meanings of the terms ‘Real structure’
and ‘involution’.
1.3 KR-theory
Motivated by the index theory of real elliptic operators, Atiyah introduced KR-
theory in [At3]. It is a version of topological K-theory for the category of Real
spaces (see below for definition), and used by Atiyah to derive the 8-periodicity
of KO-theory from the 2-periodicity of complex K-theory. In recent years KR-
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theory has found applications in string theory, as it classifies the D-brane charges
in orientifold string theory (cf. [DMR]).
Definition 1.3.1. 1. A Real space is a pair (X, σX) where X is a topological space
equipped with an involutive homeomorphism σX, i.e. σ2X = IdX. A Real pair
is a pair (X,Y) where Y is a closed subspace of X invariant under σX.
2. Let Rp,q be the Euclidean space Rp+q equipped with the involution which is
identity on the first q coordinates and negation on the last p-coordinates. Let
Bp,q and S p,q be the unit ball and sphere in Rp,q with the inherited involution.
3. A Real vector bundle (to be distinguished from the usual real vector bundle)
over X is a complex vector bundle E over X which itself is also a Real space
with involutive homeomorphism σE satisfying
(a) σX ◦ p = p ◦ σE, where p : E → X is the projection map,
(b) σE maps Ex to EσX(x) anti-linearly.
A Quaternionic vector bundle (to be distinguished from the usual quaternionic
vector bundle) over X is a complex vector bundle E over X equipped with
an anti-linear lift σE of σX such that σ2E = −IdE.
4. A complex of Real vector bundles over the Real pair (X,Y) is a complex of
Real vector bundles over X
0 −→ E1 −→ E2 −→ · · · −→ En −→ 0
which is exact on Y .
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5. Let X be a Real space. The ring KR(X) is the Grothendieck group of the iso-
morphism classes of Real vector bundles over X, equipped with the usual
product structure induced by tensor product of vector bundles over C. The
relative KR-theory for a Real pair KR(X,Y) can be similarly defined using
complexes of Real vector bundles over (X,Y), modulo homotopy equiva-
lence and addition of acyclic complexes (cf. [S2]). In general, the graded
KR-theory ring of the Real pair (X,Y) is given by
KR∗(X,Y) :=
7⊕
q=0
KR−q(X,Y),
where
KR−q(X,Y) := KR
(
X × B0,q, X × S 0,q ∪ Y × B0,q). (1.1)
The ring structure of KR∗ is extended from that of KR, in a way analogous to
the case of complex K-theory. The number of graded pieces, which is 8, is a
result of Bott periodicity for KR-theory (cf. [At3]).
Note that when σX = IdX, then KR(X)  KO(X). On the other hand, if X × Z2
is given the involution which swaps the two copies of X, then KR(X × Z2)  K(X).
Also, if X is equipped with the trivial involution, then KR(X × S 2,0)  KSC(X),
the Grothendieck group of homotopy classes of self-conjugate bundles over X
(cf. [At3]). In this way, it is natural to view KR-theory as a unifying thread of
KO-theory, K-theory and KSC-theory. Keeping this in mind, we find below the
representing spaces of KR−q based on those of the K-theory and KO-theory. Recall
that
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q Representing space for KO−q
0 Z × O(2∞)/(O(∞) × O(∞))
1 O(∞)
2 O(2∞)/U(∞)
3 U(2∞)/Sp(∞)
4 Z × Sp(2∞)/(Sp(∞) × Sp(∞))
5 Sp(∞)
6 Sp(∞)/U(∞)
7 U(∞)/O(∞)
Table 1.1: Representing spaces for KO-theory
Definition 1.3.2. A representing space Ωq for the graded generalized cohomology
theory Eq is a space such that for any X, there is a natural bijective correspondence
between Eq(X) and [X,Ωq], the set of homotopy equivalence classes of maps from
X to Ωq.
The representing spaces of K0 and K−1 are Z×U(2∞)/U(∞)×U(∞)) (i.e. product
of Z and the infinite complex Grassmannian) and U(∞) respectively, while those
of the various degree pieces of KO-theory are listed in Table 1.1 (cf. [Bot]). Here
O(∞) := limn→∞O(n) and O(2∞) := limn→∞O(2n), etc. O(∞) × O(∞) is the direct
limit of O(n) × O(n), which is embedded into O(2n) as block diagonal matrices.
U(∞) × U(∞) and Sp(∞) × Sp(∞) are similarly defined.
Definition 1.3.3. Let K be a maximal rank subgroup of U(n) or a direct limit of
such subgroups. Let σR be the complex conjugation on U(n), U(n)/K or U(∞).
Let σH be the symplectic type involution on U(2m) (given by g 7→ JmgJ−1m ),
U(2∞) or the involution gK 7→ JmgK on U(2m)/K. Let aR and aH be the cor-
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q Representing space for KR−q
0 (Z × U(2∞)/(U(∞) × U(∞)), Id × σR)
1 (U(∞), σR)
2 (U(2∞)/H, σR)
3 (U(2∞), aH)
4 (Z × U(2∞)/(U(∞) × U(∞)), Id × σH)
5 (U(2∞), σH)
6 (U(2∞)/H, σH)
7 (U(∞), aR)
Table 1.2: Representing spaces for KR-theory
responding anti-involutions on the unitary groups. Let H = limn→∞ Hn, where
Hn =

 A B−B A

∣∣∣∣∣∣∣∣∣ A, B ∈ Mn(C)
 ∩ U(2n).
Remark 1.3.4. Note that H and Hn are isomorphic to U(∞)×U(∞) and U(n)×U(n)
respectively.
Proposition 1.3.5. The representing spaces of various degree pieces of KR-theory are
listed in Table 1.2. Here Ωq is a representing space for KRq if it is a Real space such that
for any Real locally compact Hausdorff space X, there is a bijective correspondence between
KRq(X) and [X,Ωq]R, where [X,Y]R means the set of Real homotopy equivalence classes of
Real maps from X to Y . Here Real homotopy equivalence is the one witnessed by a family
of Real maps.
Proof. The representing space for KR−q is a Real space which is homeomorphic to
the representing space for K−q and whose subspace fixed under the Real struc-
ture is homeomorphic to that for KO−q. By the definition of Real vector bundles
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and KR-theory, and noting that the representing spaces for K-theory and KO-
theory are homogeneous spaces constructed out of various infinite dimensional
matrix groups (orthogonal, unitary, and symplectic), the representing spaces for
KR-theory are obtained from those for KO-theory by ‘complexifying’ the relevant
matrix groups (to be distinguished from the usual complexification of Lie groups).
For example, O(∞) is transformed to (U(∞), σR) (analogous to the fact that R is
complexified to C), Sp(∞) to (U(2∞), σH) (analogous to the fact that H ⊗R C 
M2(C)), and U(∞) to (U(∞) × U(∞), (g1, g2) 7→ (g2, g1)) (analogous to the fact that
C⊗R C  C⊕C). We shall show the case for KR−7. The other cases are similar. The
representing space for KR−7 is (U(∞)×U(∞)/U(∞)∆, (g1, g2)U(∞)∆ 7→ (g2, g1)U(∞)∆),
obtained from that for KO−7, which is U(∞)/O(∞). We have that (U(∞), aR) is Real
diffeomorphic to (U(∞) × U(∞)/U(∞)∆, (g1, g2)U(∞)∆ 7→ (g2, g1)U(∞)∆) by the map
g 7→ (g, e)U(∞). 
On top of the Real structure, we may further add compatible group actions
and define equivariant KR-theory.
Definition 1.3.6. 1. A RealG-space X is a quadruple (X,G, σX, σG) where a group
G acts on X and σG is an involutive automorphism of G such that
σX(g · x) = σG(g) · σX(x).
2. A Real G vector bundle E over a Real G-space X is a Real vector bundle and a
G-bundle over X, and it is also a Real G-space.
3. In a similar spirit, one can define equivariant KR-theory KR∗G(X,Y). Notice
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that theG-actions on B0,q and S 0,q in the definition of KR−qG (X,Y) (cf. Equation
(1.1)) are trivial.
Definition 1.3.7. 1. Let K∗(+) be the complex K-theory of a point extended to
a Z8-graded algebra over K0(pt)  Z, i.e. K∗(+)  Z[β]
/
β4 − 1 . Here β ∈
K−2(+), called the Bott class, is the class of the reduced canonical line bundle
on CP1  S 2.
2. Let σ∗X be the map defined on (equivariant) vector bundles on X by σ
∗
XE :=
σ∗XE. The involution induced by σ
∗
X on K
∗
G(X) is also denoted by σ
∗
X for sim-
plicity.
In the following proposition, we collect, for reader’s convenience, some basic
results of KR-theory (cf. [Se, Section 2]), some of which are stated in the more
general context of equivariant KR-theory.
Proposition 1.3.8. 1. We have
KR∗(pt)  Z[η, µ]
/(
2η, η3, µη, µ2 − 4),
where η ∈ KR−1(pt), µ ∈ KR−4(pt) represents the reduced Hopf bundles of RP1 and
HP1 respectively.
2. Let c : KR∗G(X) → K∗G(X) be the homomorphism which forgets the Real structure of
Real vector bundles, and r : K∗G(X) → KR∗G(X) be the realification map defined by
[E] 7→ [E ⊕ σ◦Gσ∗XE], where σ◦G means twisting the original G-action on E by σG.
Then we have the following relations
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(a) c(1) = 1, c(η) = 0, c(µ) = 2β2, where β ∈ K−2(pt) is the Bott class,
(b) r(1) = 2, r(β) = η2, r(β2) = µ, r(β3) = 0,
(c) r(xc(y)) = r(x)y, cr(x) = x + σ◦Gσ
∗
Xx and rc(y) = 2y for x ∈ K∗G(X) and y ∈
KR∗G(X), where K
∗
G(X) is extended to a Z8-graded algebra by Bott periodicity.
Proof. (1) is given in [Se, Section 2]. The proof of (2) is the same as in the nonequiv-
ariant case, which is given in [At3]. 
Definition 1.3.9. A QuaternionicG-vector bundle over a Real space X is a complex
vector bundle E equipped with an anti-linear vector bundle endomorphism J on
E such that J2 = − IdE and J(g · v) = σG(g) · J(v). Let KH∗G(X) be the corresponding
K-theory constructed using Quaternionic G-bundles over X.
By generalizing the discussion preceding in [Se, Lemma 5.2] to the equivariant
and graded setting, we define a natural transformation
t : KH−qG (X)→ KR−q−4G (X)
which sends
0 −→ E1 f−→ E2 −→ 0
to
0 −→ pi∗(H ⊗C E1) g−→ pi∗(H ⊗C E2) −→ 0.
Here
1. Ei, i = 1, 2 are equivariant Quaternionic vector bundles on X ×R0,q equipped
with the Quaternionic structures JEi ,
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2. f is an equivariant Quaternionic vector bundle homomorphism which is an
isomorphism outside X × {0},
3. pi : X × R0,q+4 → X × R0,q is the projection map,
4. H⊗C Ei is the equivariant Real vector bundles equipped with the Real struc-
ture J ⊗ JEi ,
5. g is an equivariant Real vector bundle homomorphism defined by g(v,w ⊗
e) = (v, vw ⊗ f (e)).
The discussion in the last section of [AS] can be extended to the equivariant
setting and yields
Proposition 1.3.10. t is an isomorphism.
1.4 (Real) K-homology
K-homology is a homology theory dual to K-theory through the K-theory ver-
sion of Poincare´ duality, where a manifold is oriented in K-theory if it has a Spinc
structure. Inspired by the Atiyah-Singer index theorem, which he used to realize
the K-theoretic Poincare´ duality, Kasparov gave the first definition of K-homology
(cf. [Kas]). In this Section and the next, we follow Kasparov’s definition, give a
quick review of K-homology and introduce its Real and twisted version. Most of
the materials in this Section are directly culled from [BHS], [M2] and [HR], to the
latter of which we refer the reader for more details on the subject.
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Definition 1.4.1. Let A be a separable Z2-gradedG−C∗-algebra. A Fredholm module
over A is a triple (ρ,H , F) where
1. H = H+ ⊕H− is a separable Z2-graded G-Hilbert space,
2. ρ : A → B(H) is a representation of A by bounded linear operators on H
which preserves the grading, and
3. F is an odd graded operator onH such that
(F2 − 1)ρ(a) ∼ 0, (F − F∗)ρ(a) ∼ 0, [F, ρ(a)] ∼ 0
for all a ∈ A, where ∼means equality modulo compact operators.
Definition 1.4.2. 1. We say the two Fredholm modules (ρ,H , F) and (ρ′,H ′, F′)
are unitarily equivalent if there is a unitary isomorphism U : H ′ → H such
that
(ρ′,H ′, F′) = (U∗ρU,H ′,U∗FU)
2. Two Fredholm modules (ρ,H, F0) and (ρ,H, F1) are operator homotopic if there
exists a norm continuous function t 7→ Ft for t ∈ [0, 1].
Definition 1.4.3 (Kasparov’s K-homology). The equivariant K-homology group
of a Z2-graded G−C∗-algebra A, K0G(A), is the abelian group with one generator [x]
for each unitary equivalent class of Fredholm modules over A with the following
relations
1. if x0 and x1 are operator homotopic then [x0] = [x1] in K0G(A), and
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2. [x0 ⊕ x1] = [x0] + [x1]
We define K−qG (A) = K
0
G(A⊗̂Cl(Rq)). If A is an ungraded G − C∗-algebra, its K-
homology is defined to be the one for A ⊕ A with the obvious Z2-grading.
Like K-theory, K-homology is also 2-periodic (cf. [HR, Proposition 8.2.13]).
The use of superscript to denote the grading of K-homology of G − C∗-algebra is
due to the fact that the K-homology functor on the category of G − C∗-algebras is
contravariant. For if (ρ,H , F) is a Fredholm module over A, and α : A′ → A is a
G −C∗-algebra homomorphism, then (ρ ◦ α,H , F) is a Fredholm module over A′.
Definition 1.4.4. The equivariant K-homology of a locally compact G-space X is
defined to be the equivariant K-homology of the G − C∗-algebra of space of con-
tinuous functions on X vanishing at infinity.
KGq (X) := K
−q
G (C0(X))
The K-homology functor on the category of topological spaces is covariant, as
opposed to the contravariance of its counterpart on the category ofG−C∗-algebras,
hence the use of subscript to denote the grading.
The Poincare´ duality pairing between K-homology and K-theory is realized
by the index pairing, which produces the Fredholm index of a certain operator on
a Hilbert space constructed out of the Fredholm module and the vector bundle
representing the relevant K-homology and K-theory classes respectively. For in-
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stance, for a compact Spinc manifold M, if a K-homology class is represented by
the Fredholm module where
1. H = L2(M, S ), S is the complex spinor bundle,
2. ρ is the representation of C(M) onH by left multiplication, and
3. F is the Dirac operator D suitably normalized so that it becomes a bounded
operator,
then the index pairing of (ρ,H , F) and a vector bundle E gives the (analytic) index
of the twisted Dirac operator DE on the twisted spinor bundle S ⊗ E (cf. [HR,
Lemma 11.4.1]). The K-homology class defined by the above Fredholm module is
in fact the fundamental class of M, pairing with which is tantamount to the wrong
way map in K-theory induced by the map collapsing M to a point.
As one would expect, the equivariant KR-homology can be defined by adding
natural Real structures throughout the definition of equivariant K-homology. We
refer the reader to [HR, Appendix B] for a brief discussion on the set-up of KR-
homology. Nevertheless, we shall point out notable changes brought by the addi-
tion of Real structures. First, the KR-homology is 8-periodic. Second, in defining
the Poincare´ duality pairing between KR-homology and KR-theory, parallel to that
between K-homology and K-theory, we shall need the notion of Real Spinc struc-
ture as the KR-theoretic orientation. As we are unable to find a precise definition
of Real Spinc structure in the literature, we shall hereby give one.
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Let V → X be a Γ-equivariant, orientable real vector bundle of rank 2n (caveat:
this should be distinguished from Real vector bundles). Equip each fiber with an
inner product such that σV is orthogonal. Let P be the oriented orthonormal frame
bundle of V . P has an SO(2n)-action defined by
g · (v1, · · · , v2n) =
 2n∑
j=1
g1, jv j, · · · ,
2n∑
j=1
g2n, jv j

making it a principal SO(2n)-bundle. We make the structure group SO(2n) a Real
Lie group by assigning the involutive automorphism
g 7→

1
−1
. . .
1
−1

g

1
−1
. . .
1
−1

We choose this involution because it restricts to complex conjugation on the spe-
cial unitary group SU(n) embedded in SO(2n) as a subgroup. We also assign
Spinc(2n) := Spin(2n) ×Z2 U(1), a U(1)-central extension of SO(2n), with the in-
volutive automorphism which descends to the one on SO(2n) defined above and
restricts to complex conjugation on the central circle. P is then a Real principal
SO(2n)-bundle if
1. the Real structure on it is defined by
σP(v1, v2, · · · , v2n) = (σV(v1),−σV(v2), · · · , (−1)i−1σV(vi), · · · ,−σV(v2n))
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2. P is preserved by σP.
Note that another way of saying condition (2) is that the (unoriented) frame bun-
dle of V with Real structure given by condition (1) is the trivial double cover of P
in the Real sense1(a trivial double cover is trivial in the Real sense if the involu-
tion preserves the two connected components). Recall that an ordinary real vector
bundle is orientable if its (unoriented) frame bundle is the trivial double cover of
the oriented frame bundle. This prompts the following
Definition 1.4.5. suppose V is orientable. V is Real orientable if the oriented frame
bundle P is preserved by σP defined above.
V is Real orientable if and only if either σV is orientation-preserving and n is
even, or σV is orientation-reversing and n is odd.
Example 1.4.6. Consider Rp,q → pt, where p+ q is even. It is Real orientable if and
only if p − q is divisible by 4.
Definition 1.4.7. Let V be a Γ-equivariant, orientable real vector bundle over a
Real space X. suppose further that V is Real orientable. We say V is Real Spinc
if there exists, over X, a Real principal Spinc(2n)-bundle P˜ whose structure group
lifts that of P as the Real U(1)-central extension as defined above.
1We cannot resist to point out that we thought of using the phrase ‘Really trivial double cover’
but quickly realized that it was really a bad pun.
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1.5 Equivariant Real Dixmier-Douady bundles and their classifi-
cation
The study of local coefficient systems for K-theory was pioneered in [DK]. Since
then various models for the local coefficient systems of K-theory and K-homology
have been proposed, namely, bundle gerbes (cf. [BCMMS], [CCM], [CW], [Mu],
[MS]), projective Hilbert space bundles ([AS2]) and Dixmier-Douady bundles,
fiber bundles with fibers being the C∗-algebra K(H), the space of compact op-
erators on a separable complex Hilbert space, and the structure group being
Aut(K(H)) = PU(H) (cf. [M2], [M3], [M4], [R]). In this paper we shall follow
the convention in [M3] to twist K-homology by Dixmier-Douady bundles (DD
bundles for short). To adapt to our context of equivariant KR-homology, we shall
define equivariant Real DD bundles and a Real version of third equivariant co-
homology group which classifies equivariant Real DD bundles (up to Morita iso-
morphism, to be explained below).
Definition 1.5.1. Let X be a locally compact Real G-space. A G-equivariant Real
DD bundleA is a G-equivariant, locally trivial K(H)-bundle with structure group
PU(H), equipped with an involution σA such that
1. (A, σA) is a Real G-space,
2. σA descends to σX on X, and
3. σA maps fiber to fiber anti-linearly.
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Definition 1.5.2. 1. An equivariant Real DD bundle A is Morita trivial if there
exists an equivariant Real Hilbert space bundle E such thatA is isomorphic
to K(E). We say EMorita trivializesA ifA  K(E).
2. The opposite DD bundle of A, denoted by Aopp, is the K(H)-bundle with the
same underlying space as that ofA except that it is modeled on the opposite
Hilbert spaceHopp with the conjugate complex structure.
3. The (completed) tensor product of two equivariant Real DD bundlesA1⊗A2
is the equivariant Real DD bundle modeled onK(H1)⊗K(H2)  K(H1⊗H2).
4. Two equivariant Real DD bundles A1 and A2 are Morita isomorphic if A1 ⊗
Aopp2 is isomorphic to a Morita trivial equivariant Real DD bundle. We say E
witnesses the Morita isomorphism betweenA1 andA2 if EMorita trivializes
A1 ⊗Aopp2 .
5. suppose (Xi,Ai), i = 1, 2 are two equivariant Real DD bundles modeled on
K(Hi). A Morita morphism
( f ,E) : (X1,A1)→ (X2,A2)
consists of an equivariant Real proper map f : X1 → X2 and an equivariant
Real Hilbert space bundle E on X1 which is a ( f ∗A2,A1)-bimodule, locally
modeled on the (K(H2),K(H1))-bimodule K(H1,H2), the space of compact
operators mapping fromH1 toH2.
If ( f ,E〉), i = 1, 2, are two Morita morphisms from (X1,A1) to (X2,A2), then the
( f ∗A2,A1)-bimodules E1 and E2 differ by an equivariant Real line bundle L. More
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precisely,
E2 = E1 ⊗ L, with L = Hom f ∗A2−A1(E1,E2)
Definition 1.5.3. We say the two Morita morphisms ( f ,Ei), i = 1, 2, are 2-isomorphic
if the equivariant Real line bundle L is trivial.
It follows that, if there is a Morita morphism between (X1,A1) and (X2,A2)
covering the equivariant Real map f : X1 → X2, the set of 2-isomorphism classes
of Morita morphisms covering f is a principal homogeneous space acted upon by
the equivariant Real Picard group of X1.
The category of Real DD bundles over a Real space is therefore endowed with
a group structure where multiplication is given by the tensor product, and group
inversion the opposite bundle construction. It is well-known that, analogous to
complex line bundles being classified by the second integral cohomology group
up to isomorphism, DD bundles are classified, up to Morita isomorphism, by the
third integral cohomology group (cf. [DiDo]). In what follows we will prove
an analogous result for equivariant Real DD bundle by adding one additional
structure (Real and equivariant structures) at a time to ordinary DD bundles . We
first consider the classification of Real DD bundles.
For a Real space X, let U = {Uα}α∈J be a Γ-cover of X where the Γ-action on
the index set J is free. For a Real DD bundleA, there are transition functions rαβ :
Uαβ → PU(H) satisfying rαβ(x) = rΓ(α)Γ(β)(σX(x)). IfU is fine enough, rαβ can be lifted
to a U(H)-valued function r̂αβ. Let sαβγ = r̂αβ̂rβγ̂rγα. {sαβγ} defines a Γ-equivariant
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U(1)-valued 2-cocycle in the Cech cohomology group H2(Cˇ(U,U(1)
Γ
)Γ), where
U(1)
Γ
is the Γ-sheaf of continuous U(1)-valued functions with Γ acting on U(1)
by complex conjugation. The short exact sequence
1 −→ ZΓ −→ RΓ −→ U(1)Γ −→ 1
where Γ acts on Z and R by negation, and the fact that R
Γ
is a fine Γ-sheaf
(i.e. it admits a Γ-equivariant partition of unity), lead to the isomorphism
H2(Cˇ(U,U(1)
Γ
)Γ)  H3(Cˇ(U,ZΓ)Γ) induced by the coboundary map in the long ex-
act sequence of Cech cohomology groups. By the Corollary in Section 5.5 of [Gr],
lim
U
H3(Cˇ(U,ZΓ)Γ) is isomorphic to the sheaf cohomology H3(X; Γ,ZΓ) defined as
the third right derived functor of the Γ-invariant global section functor. Accord-
ing to [St], because Γ is a discrete group, H3(X; Γ,ZΓ) is isomorphic to H3Γ(X,ZΓ),
which is Borel’s equivariant cohomology defined more generally as follows.
Definition 1.5.4. Let G be a topological group with a Γ-action. Define the Real
cohomology
HnΓ(X,GΓ) := H
n(X ×Γ EΓ, X × EΓ ×G/Γ)
where X × EΓ ×G/Γ is the local coefficient system with fiber G over X ×Γ EΓ.
Definition 1.5.5. The Real DD-class ofA, denoted by DDR(A), is defined to be the
image of the 2-cocycle {sαβγ} in H3Γ(X,ZΓ) under the various isomorphisms of coho-
mology groups discussed above, namely H3(Cˇ(U,ZΓ)Γ)  H3(X; Γ,ZΓ)  H3Γ(X,ZΓ).
Remark 1.5.6. 1. The introduction of the Real cohomology H3
Γ
(X,ZΓ) as the
home where the Real DD-classes live is inspired by [Kah], where Kahn in-
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troduced Real Chern classes and use H2
Γ
(X,ZΓ) to classify Real line bundles
over X.
2. The map DDR : category of Real DD bundles over X → H3Γ(X,ZΓ) is a group
homomorphism. If ( f ,E) : (X1,A1) → (X2,A2) is a Morita morphism, then
f ∗DDR(A2) = DDR(A1).
By definition, one can see that A is Morita trivial if and only if DDR(A) = 0 ∈
H3
Γ
(X,ZΓ). To show that H3Γ(X,ZΓ) classifies the Morita isomorphism classes of Real
DD bundles over X, we need the following
Proposition 1.5.7. For any class α ∈ H3
Γ
(X,ZΓ), there exists a Real DD bundle A such
that DDR(A) = α.
Proof. The coboundary maps of the long exact sequences cohomology groups in-
duced by the short exact sequences give rise to the following string of isomor-
phisms
H3Γ(X,ZΓ) H
2
Γ(X,U(1)Γ)
H1Γ(X, PU(H)Γ)
H0Γ(X, BPU(H)Γ)
[X, BPU(H)]R
where [X,Y]R is the set of Γ-equivariant homotopy equivalence classes of Real
maps from X to Y . Therefore α corresponds to a Real map f : X → BPU(H). The
Real DD bundle f ∗(EPU(H) ×PU(H) K(H)) can be easily checked to have α as the
Real DD-class. 
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Remark 1.5.8. The proof above also shows that the Real DD bundle EPU(H)×PU(H)
K(H) is a universal Real DD bundle.
Let G o Γ be the semi-direct product such that conjugation by γ on G amounts
to the automorphic involution σG. One can define the equivariant version of the
Real cohomology similarly by Borel’s construction.
Definition 1.5.9. Let X be a RealG-space. Define the equivariant Real cohomology
HnGoΓ(X,ZΓ) to be H
n((X ×G EG) ×Γ EΓ, (X ×G EG) × EΓ × Z/Γ).
Atiyah and Segal showed in [AS2] that the equivariant cohomology H3G(X,Z)
classifies the equivariant DD bundles up to Morita isomorphism. Putting together
the equivariant and Real structure, one can, with little effort, show that
Proposition 1.5.10. The Morita isomorphism classes of equivariant Real DD bundles on
the Real G-space X is classified by H3GoΓ(X,ZΓ).
The following simple observation is helpful in computing the free part of
H∗GoΓ(X,ZΓ).
Proposition 1.5.11. Hn
Γ
(X,RΓ) is isomorphic to Hn(X,R)Γ, the Γ-invariant subgroup of
Hn(X,R), where the Γ-action on the cohomology group is defined by γ · α = −γ∗α.
Proof. Hn
Γ
(X,RΓ) is isomorphic to the sheaf cohomology Hn(X×GEG; Γ,RΓ) (cf. [St]).
RΓ has the following resolution by fine Γ-sheaves
RΓ
d−→ Ω0(X ×G EG) d−→ Ω1(X ×G EG) d−→ · · ·
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Note that Γ acts on the global sections of Ωn(X ×G EG) by −γ∗. We have that
Hn(X; Γ,RΓ) is the n-th cohomology of the cochain
Ω0(X ×G EG)Γ d−→ Ω1(X ×G EG)Γ d−→ · · ·
An easy averaging argument shows that taking Γ-invariants and taking cohomol-
ogy commute. Hence Hn(X ×G EG; Γ,RΓ)  Hn(X ×G EG,R)Γ  H∗G(X,ZΓ). 
Example 1.5.12. We shall show that H3
Γ
(pt,Z)  Z2 and exhibit the DD bundle
whose DD class is the nontrivial 2-torsion. Consider the S 0-bundle EΓ → BΓ. Be-
ing non-orientable, this bundle has Euler class e which lives in the first cohomol-
ogy group H1(BΓ, EΓ ×Γ Z) with twisted coefficient system. Applying the Gysin
sequence
· · · −→ H2(EΓ,Z)
∫
−→ H2(BΓ,Z) ∪e−→ H3(BΓ, EΓ ×Γ Z) pi
∗
−→ H3(EΓ,Z) −→ · · ·
and by its exactness we have that H3(BΓ, EΓ ×Γ Z)  H2(BΓ,Z)  Z2. Thus, there
is at least a copy of Z2 as a summand in H3GoΓ(X,ZΓ) which is the image of the
split-injective pullback map H3
Γ
(pt,ZΓ) → H3GoΓ(X,ZΓ). The nonzero 2-torsion of
H3
Γ
(pt,ZΓ) is the Real DD class of the K(H)-bundle over a point where H = l2(N)
and the involution onK(H) is induced by the ‘quaternionic quarter turn’ onH , i.e.
(z1, z2, z3, z4, · · · ) 7→ (−z2, z1,−z4, z3, · · · ). In Section 1.6 we give another interpretation
of this non-zero 2-torsion class as the obstruction for a certain Γ-equivariant real
vector bundle over a point to possess a Real Spinc structure or, equivalently, the
KR-theory orientation.
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1.6 Twisted K-theory (homology)
Twisted K-theory, or K-theory with local coefficient systems, was first studied in
[DK], where the case of local coefficient systems with torsion DD-classes was ex-
plored. The general case was taken up in [R], where he defined twisted K-theory
as homotopy equivalence classes of sections of a twisted bundle of Fredholm op-
erators, with twisting data given by the local coefficient system. In recently years
there have been extensive works done on twisted K-theory and its various models
(cf. [AS2], [BCMMS], [CW], [Kar] and the references therein) due to its connection
with string theory. It has been conjectured that D-branes and Ramond-Ramond
field strength are classified by twisted K-theory, where the twist is defined by a
B-field. An impetus to the whole enterprise of studying this mathematical physi-
cal connection is a deep result by Freed-Hopkins-Teleman, which is explained in
more details in Chapter 4. This result is actually the motivation behind all the
work done in this thesis.
In what follows, we shall use the following definition of twisted KR-theory
(homology) obtained by incorporating the Real structures into the analytic defini-
tion of twisted K-theory and homology, as in [M2].
Definition 1.6.1. For an equivariant Real G-space X with an equivariant Real DD
bundleA, we define the twisted KR-homology
KRGq (X,A) := KR−qG (S 0(A))
where S 0(A) is the Real G − C∗-algebra of space of sections of A vanishing at
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infinity. Similarly, we define the twisted KR-theory
KRqG(X,A) := KRG−q(S 0(A))
We list some useful features of twisted equivariant (Real) K-homology,
adapted from [M2]. Further properties pertaining to representation theory can
be found in Section 4.6.2.
1. A Morita morphism ( f ,E) : (X1,A1)→ (X2,A2) induces a pushforward map
f∗ : KRG∗ (X1,A1)→ KRG∗ (X2,A2)
which depends only on the 2-isomorphism class of ( f ,E). In particular, the
push forward map (Id, (X×H)⊗L)∗ induces an automorphism on KRG∗ (X,A),
which depends on the isomorphism class of the equivariant Real line bun-
dle L. In other words, the equivariant Real Picard group of X acts on the
automorphism group of KRG∗ (X,A). If the equivariant Real Picard group of
X1, which is H2GoΓ(X1,ZΓ) by straightforwardly adapting the arguments in
Section 1.5, is trivial, then there is only one canonical pushforward map in-
dependent of E. From now on, we will, for brevity, sometimes use f∗ to
denote the pushforward map if it is independent of E.
2. One can define the crossed product, which is a special case of Kasparov
product (cf. [HR])
KRG∗ (X1,A1) ⊗ KRG∗ (X2,A2)→ KRG∗ (X1 × X2,A1 ⊗A2)
whereA1 ⊗A2 is the external tensor product.
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3. Recall that one of the motivations for introducing local coefficient systems
to generalized cohomology theory is to formulate Thom isomorphism and
Poincare´ duality for spaces which are non-orientable in the sense of the rele-
vant cohomology theory. For an even rank G-equivariant real vector bundle
V → X, which is orientable in the usual sense but not necessarily G − Spinc
(i.e. equivariant K-theoretic orientable), the K-theoretic local coefficient sys-
tem reflecting the obstruction for V to be G − Spinc can be realized by the
Clifford bundle Cl(V), which is a DD bundle with its DD-class being a 2-
torsion. We will call Cl(V) and any other Morita isomorphic DD bundles the
orientation twist of V and denote it by oV . The Thom isomorphism now can
be formulated as
K∗G(X,A⊗ oV)  K∗G(V, pi∗A)
whereas the Poincare´ duality is
KGq (X,A)  K−qG (X,Aopp ⊗ oTX)
The corresponding statement of Thom isomorphism and Poincare´ duality in
the Real case are completely analogous.
Example 1.6.2. Consider the Γ-equivariant real vector bundle R0,4 → pt. It is Real
orientable according to Example 1.4.6. We shall show that this vector bundle is not
Real Spinc and hence DDR(oR0,4) is the nonzero 2-torsion in H3Γ(pt,ZΓ). The Real
principal SO(4)-bundle P is isomorphic, through the map (v1, v2, v3, v4) 7→

v1
v2
v3
v4

, to
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SO(4)→ pt with involution being
g 7→

1
−1
1
−1

g
Though obviously P˜ = (Spinc(4)→ pt) is the principal Spinc(4)-bundle which lifts
the structure group of P, making R0,4 a Spinc vector bundle, there is no way to
equip P˜ with a compatible Real structure so that R0,4 is Real Spinc. For the best we
can do is to give P˜ with a Quaternionic structure (i.e. the ‘quarter turn’ bundle au-
tomorphism which descends to the involution on P and compatible with the Real
Spinc(4)-action) as follows. If we identify Spinc(4) with (SU(2) × SU(2)) ×Γ U(1),
where Γ acts on U(1) by multiplication by −1 and on SU(2) × SU(2) by multiplica-
tion by (−I2,−I2), then the Quaternionic structure is given by
[(g1, g2, z)] 7→ [(
 −11
 g1,
 −11
 g2, z)]
Using the fact that DDR(oV⊕W) = DDR(oV)+DDR(oW), we have that R0,8 = R0,4⊕R0,4
is Real Spinc, vindicating the Bott periodicity for KR-theory. Together with the
fact that Rn,n → pt is Real Spinc (because it is isomorphic to Cn with Γ-action being
complex conjugation), we get, more generally, the following fact.
Suppose p + q is even. Then
1. Rp,q → pt is not Real orientable iff p−q2 is odd.
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2. Rp,q → pt is Real orientable but not Real Spinc iff p−q4 is odd.
3. Rp,q → pt is Real Spinc iff p − q is divisible by 8.
The twisted version of Thom isomorphism yields
Proposition 1.6.3. KR∗G(X, pi
∗(oR0,4))  KR∗G(X×R0,4), which in turn is isomorphic to the
Quaternionic K-theory KH∗G(X) by Proposition 1.3.10.
So Quaternionic K-theory is Real K-theory twisted by oR0,4 .
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CHAPTER 2
EQUIVARIANT KR-THEORY OF COMPACT LIE GROUPS
In this Chapter, we compute the algebra structure of the equivariant KR-theory
KR∗G(G) (cf. Theorem 2.5.33). Most of the materials in this Chapter are adapted
from the author’s published work [F].
2.1 (Equivariant) K-theory of compact connected Lie groups
Recall that the functor K−1 is represented by U(∞) := limn→∞U(n), i.e. for any X,
K−1(X) is the abelian group of homotopy classes of maps [X,U(∞)] (cf. [Bot]). Such
a description of K−1 leads to the following
Definition 2.1.1. Let δ : R(G)→ K−1(G) be the group homomorphism which sends
any complex G-representation ρ to the homotopy class of i◦ρ, where ρ is regarded
as a continuous map fromG to U(n) and i : U(n) ↪→ U(∞) is the standard inclusion.
In fact, any element in K−q(X) can be represented by a complex of vector bun-
dles on X × Rq, which is exact outside X × {0} (cf. [At]). This gives another inter-
pretation of δ(ρ), as shown in the following Proposition, which we find useful for
our exposition.
Proposition 2.1.2. If V is the underlying complex vector space of ρ, then δ(ρ) is repre-
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sented by
0→ G × R × V → G × R × V → 0,
(g, t, v) 7→ (g, t,−tρ(g)v) if t ≥ 0,
(g, t, v) 7→ (g, t, tv) if t ≤ 0.
Proposition 2.1.3 ([Ho]). 1. δ is a derivation of R(G) taking values in K−1(G) re-
garded as an R(G)-module whose module structure is given by the augmentation
map. In other words, δ is a group homomorphism from R(G) to K−1(G) satisfying
δ(ρ1 ⊗ ρ2) = dim(ρ1)δ(ρ2) + dim(ρ2)δ(ρ1). (2.1)
2. If I(G) is the augmentation ideal of R(G), then δ(I(G)2) = 0.
The main results of [Ho] are stated in the following
Theorem 2.1.4. Let G be a compact connected Lie group with torsion-free fundamental
group. Then
1. K∗(G) is torsion-free.
2. Let J(G) := I(G)/I(G)2. Then the map δ˜ : J(G) → K−1(G) induced by δ is well-
defined, and K∗(G) =
∧
(Im(˜δ)).
3. In particular, if G is compact, connected and simply-connected of rank l, then
K∗(G) =
∧
Z(δ(ρ1), . . . , δ(ρl)), where ρ1, . . . , ρl are the fundamental representations.
Viewing G as a G-space via the adjoint action, one may consider the equivari-
ant K-theory K∗G(G). Let Ω
∗
R(G)/Z be the ring of Grothendieck differentials of R(G)
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over Z, i.e. the exterior algebra over R(G) of the module of Ka¨hler differentials of
R(G) over Z (cf. [BZ]).
Definition 2.1.5. Let ϕ : Ω∗R(G)/Z → K∗G(G) be the R(G)-algebra homomorphism
defined by the following
1. ϕ(ρV) := [G×V] ∈ K∗G(G), whereG acts onG×V by g0·(g1, v) = (g0g1g−10 , ρV(g0)v),
2. ϕ(dρV) ∈ K−1G (G) is the complex of vector bundles in Definition 2.1.2 where G
acts on G × R × V by g0 · (g1, t, v) = (g0g1g−10 , t, ρV(g0)v),
We also define δG : R(G)→ K−1G (G) by δG(ρV) := ϕ(dρV).
Remark 2.1.6. The definition of δG(ρV) given in [BZ], where the middle map of
the complex of vector bundles is defined to be (g, t, v) 7→ (g, t, tρV(g)v) for all t ∈ R,
is incorrect, as δG(ρV) so defined is actually 0 in K−1G (G). The definition given in
Definition 2.1.5 is the correction made by Brylinski and relayed to us by one of the
referees for [F].
Theorem 2.1.7 ([BZ]). 1. δG is a derivation of R(G) taking values in the R(G)-module
K−1G (G), i.e. δG satisfies
δG(ρ1 ⊗ ρ2) = ρ1 · δG(ρ2) + ρ2 · δG(ρ1). (2.2)
2. Let G be a compact connected Lie group with torsion-free fundamental group. Then
ϕ is an R(G)-algebra isomorphism.
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Remark 2.1.8. 1. Although the definition of δG(ρV) given by Brylinski–Zhang
in [BZ] is incorrect, their proof of Theorem 2.1.7 can be easily corrected by
using the correct definition as in Definition 2.1.5, which does not affect the
validity of the rest of their arguments, and Theorem 2.1.7 still stands.
2. In [HL], a G-space X is defined to be weakly equivariantly formal if the map
K∗G(X) ⊗R(G) Z → K∗(X) induced by the forgetful map is a ring isomorphism,
where Z is viewed as an R(G)-module through the augmentation homomor-
phism. Theorem 2.1.4 and 2.1.7 imply that G is weakly equivariantly formal
if it is connected with torsion-free fundamental group. We will make use of
this property in computing the equivariant KR-theory of G.
3. Let f : K∗G(G) → K∗(G) be the forgetful map. Note that f (ϕ(ρ)) = dim(ρ)
and f (ϕ(dρ)) = δ(ρ). Applying f to equation (2.2) in Theorem 2.1.7, we get
equation (2.1) in Proposition 2.1.3.
4. I(G), being a prime ideal in R(G), can be thought of as an element in
SpecR(G), and K∗(G) 
∧
Z T ∗I(G)SpecR(G), K
∗
G(G) 
∧
R(G) T ∗I(G)SpecR(G).
2.2 Real representation rings
This section is an elaboration of the part on Real representation rings in [AS]
and [Se]. Since the results in this subsection can be readily generalized from those
results concerning the special case where σG is trivial, we omit most of the proofs
and refer the reader to any standard text on representation theory of Lie groups,
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e.g. [Bour] and [BtD].
Definition 2.2.1. A Real Lie group is a pair (G, σG) where G is a Lie group and σG
a Lie group involution on it. A Real representation V of a Real Lie group (G, σG)
is a finite-dimensional complex representation of G equipped with an anti-linear
involution σV such that σV(gv) = σG(g)σV(v). Let RepR(G, σG) be the category of
Real representations of (G, σG). A morphism between V and W ∈ RepR(G, σG) is
a linear transformation from V to W which commute with G and respect σV and
σW . We denote Mor(V,W) by HomG(V,W)(σV ,σW ). An irreducible Real representation
is an irreducible object in RepR(G, σG). The Real representation ring of (G, σG), de-
noted by RR(G, σG), is the Grothendieck group of RepR(G, σG), with multiplication
being tensor product over C. Sometimes we will omit the notation σG if there is
no danger of confusion about the Lie group involution.
Remark 2.2.2. Let V be an irreducible Real representation ofG. Then HomG(V,V)σV
must be a real associative division algebra which, according to Frobenius’ theo-
rem, is isomorphic to either R, C or H. Following the convention of [AS], we call
HomG(V,V)σV the commuting field of V .
Definition 2.2.3. If V is an irreducible Real representation of G, then we say V is
of real, complex or quaternionic type according as the commuting field is isomorphic
to R, C or H. Let RR(G,F) be the abelian group generated by the isomorphism
classes of irreducible Real representations with F as the commuting field.
Remark 2.2.4. RR(G)  RR(G,R) ⊕ RR(G,C) ⊕ RR(G,H) as abelian groups.
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Definition 2.2.5. Let V be a G-representation. We use σ∗GV to denote the G-
representation with the same underlying vector space where the G-action is
twisted by σG, i.e. ρσ∗GV(g)v = ρV(σG(g))v. We will use σ
∗
G to denote the map on
R(G) defined by [V] 7→ [σ∗GV].
Proposition 2.2.6. If V is a complex G-representation, and there exists f ∈
HomG(V, σ∗GV) such that f
2 = IdV , then V is a Real representation of G with f as the
anti-linear involution σV .
Proof. If f ∈ HomG(V, σ∗GV), then it is anti-linear on V and f (gv) = σG(g) f (v) for
g ∈ G and v ∈ V . The assumption that f 2 = IdV just says that f is an involution. So
V together with σV = f is a Real representation of G. 
Proposition 2.2.7. Let V be an irreducible complex representation of G and suppose that
V  σ∗GV . Let f ∈ HomG(V, σ∗GV).Then
1. f 2 = kIdV for some k ∈ R.
2. There exists g ∈ HomG(V, σ∗GV) such that g2 = IdV or g2 = − IdV .
Proof. Note that f 2 ∈ HomG(V,V). By Schur’s lemma, f 2 = kIdV for some k ∈ C. On
the other hand,
f (kv) = f ( f ( f (v))) = k f (v).
But f is an anti-linear map on V . It follows that k = k and hence k ∈ R. For part
(2), we may first simply pick an isomorphism f ∈ HomG(V, σ∗GV). Then f 2 = k IdV
for some k ∈ R×. Schur’s lemma implies that any g ∈ HomG(V, σ∗GV) must be of the
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form g = c f for some c ∈ C. Then g2 = c f ◦ c f = cc f 2 = |c|2k IdV . Consequently, if k
is positive, we choose c = 1√
k
so that g2 = IdV ; if k is negative, we choose c = 1√−k so
that g2 = − IdV . 
Proposition 2.2.8. Let V be an irreducible Real representation of G.
1. The commuting field of V is isomorphic to R iff V is an irreducible complex repre-
sentation and there exists f ∈ HomG(V, σ∗GV) such that f 2 = IdV .
2. The commuting field of V is isomorphic to C iff V  W ⊕ σ∗GW as complex G-
representations, where W is an irreducible complex G-representation and W 
σ∗GW, and σV(w1,w2) = (w2,w1).
3. The commuting field of V is isomorphic to H iff V  W ⊕ σ∗GW as complex G-repre-
sentations, where W is an irreducible complex G-representation and there exists
f ∈ HomG(V, σ∗GV) such that f 2 = − IdV , and σV(w1,w2) = (w2,w1).
Proof. One can easily establish the above Proposition by modifying the proof of
Proposition 3 in Appendix 2 of [Bour], which is a special case of the above Propo-
sition where σG is trivial. 
Proposition 2.2.9. 1. The map i : RR(G) → R(G) which forgets the Real structure is
injective.
2. Any complex G-representation V which is a Real representation can only possess
a unique Real structure up to isomorphisms of Real G-representations.
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Proof. Let ρ : R(G)→ RR(G) be the map
[V] 7→ [(V ⊕ ι∗GV , σV⊕ι∗GV)],
where σV⊕ι∗GV(u,w) = (w, u). Let [(V, σV)] ∈ RR(G). Then
ρ ◦ i([(V, σV)]) = [(V ⊕ ι∗GV , σV⊕ι∗GV)].
We claim that [(V ⊕V, σV ⊕σV)] = [(V ⊕ ι∗GV , σV⊕ι∗GV)], which is easily seen to be true
because of the Real G-representation isomorphism
f : V ⊕ ι∗GV → V ⊕ V,
(u,w) 7→ (u + σV(w), i(u − σV(w))).
It follows that ρ ◦ i amounts to multiplication by 2 on RR(G), and is therefore
injective because RR(G) is a free abelian group generated by irreducible Real rep-
resentations. Hence i is injective. (2) is simply a restatement of (1). 
Proposition 2.2.9 makes it legitimate to regard RR(G) as a subring of R(G). From
now on we view [V] ∈ R(G) as an element in RR(G) if V possesses a compatible Real
structure.
Proposition 2.2.10. Let G be a compact Real Lie group. Let V be an irreducible complex
representation of G. Then
1. [V] ∈ RR(G,R) iff there exists aG-invariant symmetric nondegenerate bilinear form
B : V × σ∗GV → C.
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2. [V ⊕ V] ∈ RR(G,H) iff there exists a G-invariant skew-symmetric nondegenerate
bilinear form B : V × σ∗GV → C.
3. [V ⊕σ∗GV] ∈ RR(G,C) iff there does not exist any G-invariant nondegenerate bilin-
ear form on V × σ∗GV .
Proof. By Proposition 2.2.8, V is a Real representation of real type iff there exists
f ∈ Hom(V, σ∗GV)G such that f 2 = IdV . One can define a bilinear form B : V ×σ∗GV →
C by
B(v1, v2) = 〈v1, f (v2)〉, (2.3)
where 〈 , 〉 is a G-invariant Hermitian inner product on V . It can be easily seen that
B is G-invariant, symmetric and non-degenerate. Conversely, given a G-invariant
symmetric non-degenerate bilinear form on V ×σ∗GV and using equation (2.3), we
can define f ∈ Hom(V, σ∗GV)G, which squares to identity. Part (2) and (3) follow
similarly. 
Proposition 2.2.10 leads to the following
Definition 2.2.11. Let G be a compact Real Lie group. Let V be an irreducible
complex representation of G. Define, with respect to σG,
1. V to be of real type if there exists a G-invariant symmetric nondegenerate
bilinear form B : V × σ∗GV → C.
2. V to be of quaternionic type if there exists a G-invariant skew-symmetric
nondegenerate bilinear form B : V × σ∗GV → C.
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3. V to be of complex type if V  σ∗GV .
The abelian group generated by classes of irreducible complex representation of
type F is denoted by R(G,F).
Definition 2.2.12. If V is a complex G-representation equipped with an anti-linear
endomorphism JV such that JV(gv) = σG(g)J(v) and J2 = − IdV , then we say V is
a Quaternionic representation of G. Let RepH(G) be the category of Quaternionic
representations of G. A morphism between V and W ∈ RepH(G) is a linear trans-
formation from V to W which commutes with G and respect JV and JW . We denote
Mor(V,W) by HomG(V,W)(JV ,JW ). An irreducible Quaternionic representation is an
irreducible object in RepH(G, σG). The Quaternionic representation group of G,
denoted by RH(G), is the Grothendieck group of RepH(G). Let RH(G,F) be the
abelian group generated by the isomorphism classes of irreducible Quaternionic
representations with F as the commuting field.
Remark 2.2.13. The tensor product of two Quaternionic representations V and W
is a Real representation as JV ⊗ JW is an anti-linear involution which is compatible
with σG. Similarly the tensor product of a Real representation and a Quaternionic
representation is a Quaternionic representation. To put it succinctly, RR(G)⊕RH(G)
is a Z2-graded ring, with RR(G) being the degree 0 piece and RH(G) the degree −1
piece. Later on we will assign RH(G) with a different degree so as to be compatible
with the description of the coefficient ring KR∗G(pt).
Proposition 2.2.14. RH(G), as an abelian group, is generated by the following
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1. [V ⊕ σ∗GV] where V is an irreducible complex representation of real type with
J(u,w) = (−w, u). Its commuting field is H.
2. [V ⊕ σ∗GV], where V is an irreducible complex representation of complex type with
J(u,w) = (−w, u). Its commuting field is C.
3. [V], where V is an irreducible complex representation of quaternionic type. Its com-
muting field is R.
Proof. The proof proceeds in the same fashion as does the proof for Proposition
2.2.8. 
Corollary 2.2.15. 1. We have that RR(G,R)  RH(G,H)  R(G,R), RH(G,R) 
RR(G,H),  R(G,H) and RR(G,C)  RH(G,C) as abelian groups.
2. RR(G) is isomorphic to RH(G) as abelian groups.
Proof. The result follows easily from Proposition 2.2.8, Definition 2.2.11 and
Proposition 2.2.14. 
Proposition 2.2.16. 1. The map j : RH(G) → R(G) which forgets the Quaternionic
structure is injective.
2. Any complex G-representation which is a Quaternionic representation can only
possess a unique Quaternionic structure up to isomorphisms of Quaternionic G-
representations.
Proof. The proof proceeds in the same fashion as does the proof for Proposi-
tion 2.2.9. It suffices to show that, if η : R(G) → RH(G) is the map [V] 7→
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[(V⊕σ∗GV , σV⊕ι∗GV)], then η◦ j amounts to multiplication by 2, i.e. (V⊕σ∗GV , σV⊕σ∗GV) 
(V ⊕ V, J ⊕ J), where σV⊕σ∗GV(u,w) = (−w, u). This is true because of the Quater-
nionic G-representation isomorphism
f : V ⊕ ι∗GV → V ⊕ V,
(u,w) 7→ (u + Jw, i(u − Jw)).

Example 2.2.17. We shall illustrate the similarities and differences of the various
aforementioned representation groups with an example. Let G = Q8 × C3, the di-
rect product of the quaternion group and the cyclic group of order 3, equipped
with the trivial involution. There are 5 irreducible complex representations of
Q8, namely, the 4 1-dimensional representations which become trivial on restric-
tion to the center Z of Q8 and descend to the 4 1-dimensional representations of
Q8/Z  Z2 ⊕ Z2, and the 2-dimensional faithful representation. We denote these
representations by 1Q8 , ρ(0,1), ρ(1,0), ρ(1,1) and ρQ respectively. Similarly, we let 1C3 , ρζ
and ρζ2 be the three 1-dimensional complex irreducible representations of C3. It
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can be easily seen that
R(Q8,R) = Z · [1Q8] ⊕ Z · [ρ(0,1)] ⊕ Z · [ρ(1,0)] ⊕ Z · [ρ(1,1)],
R(Q8,C) = 0,
R(Q8,H) = Z · [ρQ],
R(C3,R) = Z · [1C3],
R(C3,C) = Z · [ρζ] ⊕ Z · [ρζ2],
R(C3,H) = 0.
It follows that
R(G,R) =
⊕
x∈{1Q8 ,ρ(0,1),ρ(1,0),ρ(1,1)}
Z · [x⊗̂1C3]  Z4,
R(G,C) =
⊕
x∈{1Q8 ,ρ(0,1),ρ(1,0),ρ(1,1),ρQ}
y∈{ρζ ,ρζ2 }
Z · [x⊗̂y]  Z10,
R(G,H) = Z · [ρQ⊗̂1C3]  Z,
RR(G,R) =
⊕
x∈{1Q8 ,ρ(0,1),ρ(1,0),ρ(1,1)}
Z · [x⊗̂1C3]  Z4,
RR(G,C) =
⊕
x∈{1Q8 ,ρ(0,1),ρ(1,0),ρ(1,1),ρQ}
Z · [x⊗̂ρζ ⊕ x⊗̂ρζ2]  Z5,
RR(G,H) = Z · [ρQ⊗̂1C3 ⊕ ρQ⊗̂1C3]  Z,
RH(G,R) = Z · [ρQ⊗̂1C3]  Z,
RH(G,C) =
⊕
x∈{1Q8 ,ρ(0,1),ρ(1,0),ρ(1,1),ρQ}
Z · [x⊗̂ρζ ⊕ x⊗̂ρζ2]  Z5,
RH(G,H) =
⊕
x∈{1Q8 ,ρ(0,1),ρ(1,0),ρ(1,1)}
Z · [x⊗̂1C3 ⊕ x⊗̂1C3]  Z4.
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Some representations above should be equipped with suitable Real or Quater-
nionic structures given in Propositions 2.2.8 and 2.2.14. For example, the Real
structure of ρQ⊗̂1C3⊕ρQ⊗̂1C3 in RR(G,H) is given by swapping the two coordinates.
2.3 The module structure of KR-theory of compact simply-
connected Lie groups
The following structure theorem for KR-theory, due to Seymour, is crucial in his
computation of KR∗(pt)-module structure of KR∗(G).
Theorem 2.3.1 ([Se, Theorem 4.2]). Suppose that K∗(X) is a free abelian group and
decomposed by the involution σ∗X into the following summands
K∗(X) = M+ ⊕ M− ⊕ T ⊕ σ∗XT,
where σ∗X is identity on M+ and negation on M−. Suppose further that there ex-
ist h1, . . . , hn ∈ KR∗(X) such that c(h1), . . . , c(hn) form a basis of the K∗(+)-module
K∗(+) ⊗ (M+ ⊕ M−). Then, as KR∗(pt)-modules,
KR∗(X)  F ⊕ r(K∗(+) ⊗ T ),
where F is the free KR∗(pt)-module generated by h1, . . . , hn.
Remark 2.3.2. If T = 0, then the conditions in Theorem 2.3.1 are equivalent to
K∗(X) being free abelian and c : KR∗(X) → K∗(X) being surjective. In this special
case the theorem implies that the map KR∗(X) ⊗KR∗(pt) K∗(pt) → K∗(X) defined by
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a ⊗ b 7→ c(a) · b is a ring isomorphism. This smacks of the definition of weakly
equivariant formality (cf. Remark 2.1.8) and inspires us to define a similar notion
for equivariant KR-theory (cf. Definition 2.5.2). We say a real space is real formal if
it satisfies the conditions of Theorem 2.3.1.
For any Real space X, KR−1(X) is isomorphic to the abelian group of equivari-
ant homotopy classes of maps from X to U(∞) which respect σX and σR on U(∞).
Similarly, KR−5(X), which is isomorphic to KH−1(X) by Proposition 1.3.10, is iso-
morphic to the abelian group of equivariant homotopy classes of maps from X to
U(2∞) which respect σX and σH on U(2∞) (cf. remarks in the last two paragraphs
of Appendix of [Se]). We can define maps analogous to those in Definition 2.1.1
in the context of KR-theory.
Definition 2.3.3. Let δR : RR(G) → KR−1(G) and δH : RH(G) → KR−5(G) be group
homomorphisms which send a Real (resp. Quaternionic) representation to the
KR-theory element represented by its homotopy class.
Proposition 2.3.4. If ρ ∈ RR(G), then δR(ρ) is represented by the complex of vector
bundles in Proposition 2.1.2 equipped with the Real structure given by
ι : G × R × V → G × R × V,
(g, t, v) 7→ (σG(g), t, v).
If ρ ∈ RH(G), then δH(ρ) can be similarly represented, with the Real structure replaced by
the Quaternionic structure.
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From this point on until the end of this section, we further assume that G is connected
and simply-connected unless otherwise specified. It is known that R(G) is a polynomial
ring over Z generated by fundamental representations, which are permuted by σ∗G
(cf. [Se, Lemma 5.5]). Let
R(G)  Z
[
ϕ1, . . . , ϕr, θ1, . . . , θs, γ1, . . . , γt, σ
∗
Gγ1, . . . , σ
∗
Gγt
]
,
where ϕi ∈ RR(G,R), θ j ∈ RH(G,R), γk ∈ R(G,C). Then K∗(G), as a free abelian
group, is generated by square-free monomials in δ(ϕ1), . . ., δ(ϕr), δ(θ1), . . ., δ(θs),
δ(γ1), . . ., δ(γt), δ(σ∗Gγ1), . . ., δ(σ
∗
Gγt). Using Theorem 2.3.1, Seymour obtained
Theorem 2.3.5 ([Se, Theorem 5.6]). 1. Suppose that σ∗G acts as identity on R(G), i.e.
any irreducible Real representation of G is either of real type or quaternionic type.
Then as KR∗(pt)-modules,
KR∗(G)  ∧KR∗(pt)(δR(ϕ1), . . . , δR(ϕr), δH(θ1), . . . , δH(θs)).
2. More generally, c(δR(ϕi)) = δ(ϕi), c(δH(θ j)) = β2 · δ(θ j), and there exist λ1, . . . , λt ∈
KR0(G) such that c(λk) = β3 · δ(γk)δ(σ∗Gγk), and
KR∗(G)  P ⊕ T · P
as KR∗(pt)-module, where
• P  ∧KR∗(pt)(δR(ϕ1), . . . , δR(ϕr), δH(θ1), . . . , δH(θs), λ1, . . . , λt),
• T is the additive abelian group generated by the set
{r(βi · δ(γ1)ε1 · · · δ(γt)εtδ(σ∗Gγ1)ν1 · · · δ(σ∗Gγt)νt)},
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where ε1, . . . , εt, ν1, . . . , νt are either 0 or 1, εk and νk are not equal to 1 at the
same time for 1 ≤ k ≤ t, and the first index k0 where εk0 = 1 is less than the
first index k1 where νk1 = 1.
Moreover,
(a) λ2k = 0 for all 1 ≤ k ≤ t,
(b) δR(ϕi)2 and δH(θ j)2 are divisible by η.
Definition 2.3.6. Let ωt := δt ,1−νt and
ri,ε1,...,εt ,ν1,...,νt := r
(
βi · δ(γ1)ε1 · · · δ(γt)εtδ(σ∗G(γ1))ν1 · · · δ
(
σ∗G(γt)
)νt) ∈ T.
Corollary 2.3.7. 1. KR∗(G) is generated by δR(ϕ1), . . ., δR(ϕr), δH(θ1), . . ., δH(θs),
λ1, . . ., λt and ri,ε1,...,εt ,ν1,...,νt ∈ T as an algebra over KR∗(pt).
2.
r2i,ε1,...,εt ,ν1,...,νt =

η2λω11 · · · λωtt , if ri,ε1,...,εt ,ν1,...,νt is of degree − 1 or − 5,
±µλω11 · · · λωtt , if ri,ε1,...,εt ,ν1,...,νt is of degree − 2 or − 6,
0 otherwise.
The sign depends on i, ε1, . . . , εt, ν1, . . . , νt and can be determined using formulae
from (2) of Proposition 1.3.8.
3. ri,ε1,...,εt ,ν1,...,νtη = 0, and ri,ε1,...,εt ,ν1,...,νtµ = 2ri+2,ε1,...,εt ,ν1,...,νt .
Proof. The Corollary follows easily from the various properties of the realification
map and the complexification map in Proposition 1.3.8, and the fact that c(λk) =
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β3 · δ(γk)δ(σ∗Gγk). For example,
ri,ε1,...,εt ,ν1,...,νtη = r
(
βi · δ(γ1)ε1 · · · δ(γt)εtδ(σ∗G(γ1))ν1 · · · δ
(
σ∗G(γt)
)νtc(η))
= 0,
ri,ε1,...,εt ,ν1,...,νtµ = r
(
βi · δ(γ1)ε1 · · · δ(γt)εtδ(σ∗G(γ1))ν1 · · · δ
(
σ∗G(γt)
)νtc(µ))
= ri+2,ε1,...,εt ,ν1,...,νt .

In fact Theorems 2.1.4 and 2.3.1 also yield the following description of module
structure of KR-theory of a compact connected Real Lie group with torsion-free
fundamental group with a restriction on the types of the Real representations.
Theorem 2.3.8. Let G be a compact connected real Lie group with pi1(G) torsion-free.
Suppose that R(G,C) = 0, i.e. σ∗G acts as identity on R(G). Then KR∗(G) is isomorphic to
∧∗KR∗(pt)(Im(˜δR), Im(˜δH)) as KR∗(pt)-modules.
As we see from Theorem 2.3.5 and Corollary 2.3.7, to get a full description of
the ring structure of KR∗(G), it remains to figure out δR(ϕi)2 and δH(θ j)2. We will, in
the end, obtain formulae for the squares by way of computing the ring structure
of KR∗G(G) and applying the forgetful map. In particular, we will show that δR(ϕi)
2
and δH(θ j)2 in general are non-zero. So, unlike the complex K-theory, KR∗(G) is
not an exterior algebra in general. Nevertheless, KR∗(G) is not far from being an
exterior algebra, in the sense of the following
Corollary 2.3.9. 1. KR∗(pt)2, which is the ring obtained by inverting the prime 2 in
KR∗(pt), is isomorphic to Z
[
1
2 , µ
]
/(µ2 − 4)  Z
[
1
2 , β
2
]
/((β2)2 − 1).
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2. Suppose that R(G,C) = 0. KR∗(G)2, which is the ring obtained by inverting the
prime 2 in KR∗(G), is isomorphic to, as KR∗(pt)2-algebra∧
KR∗(pt)2
(
δR(ϕ1), . . . , δR(ϕr), δH(θ1), . . . , δH(θs)
)
Remark 2.3.10. As we will see in the rest of this thesis, the condition R(G,C) = 0
yields nice descriptions of KR-theory (homology) of G. We find it worthwhile to
record some equivalent conditions, which can be found in Section 4.6.1.
2.4 The coefficient ring KR∗G(pt)
In this section, we assume that G is a compact Real Lie group, and will prove
a result on the coefficient ring KR∗G(pt). In [AS], all graded pieces of KR
∗
G(pt) were
worked out using Real Clifford G-modules. We record them in the following
Proposition 2.4.1. KR−qG (pt), as abelian groups, for 0 ≤ q ≤ 7, are isomorphic to RR(G),
RR(G)/ρ(R(G)), R(G)/ j(RH(G)), 0, RH(G), RH(G)/η(R(G)), R(G)/i(RR(G)) and 0 re-
spectively, where the maps i, j, ρ, η are as in Propositions 2.2.9 and 2.2.16.
Remark 2.4.2. Note from the above proposition that KR0G(pt)⊕KR−4G (pt)  RR(G)⊕
RH(G). In this way we can view RR(G)⊕RH(G) as a graded ring where RR(G) is of
degree 0 and RH(G) of degree −4.
Proposition 2.4.3. 1. Suppose R(G,C) = 0. Then the map
f : (RR(G,R) ⊕ RH(G,R)) ⊗ KR∗(pt)→ KR∗G(pt),
ρ1 ⊗ x1 ⊕ ρ2 ⊗ x2 7→ ρ1 · x1 + ρ2 · x2
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is an isomorphism of graded rings.
2. In general,
f : (RR(G,R) ⊕ RH(G,R)) ⊗ KR∗(pt) ⊕ r(R(G,C) ⊗ K∗(+))→ KR∗G(pt),
ρ1 ⊗ x1 ⊕ ρ2 ⊗ x2 ⊕ r(ρ3 ⊗ βi) 7→ ρ1 · x1 + ρ2 · x2 + r(ρ3 · βi)
is an isomorphism of graded abelian groups.
3. If ρ is an irreducible complex representation of complex type, then ηr(βi · ρ) = 0 and
µr(βi · ρ) = 2r(βi+2 · ρ).
Proof. The Proposition follows by verifying the isomorphism in different degree
pieces against the description in Proposition 2.4.1. For example, in degree 0,
RR(G,R) ⊗ KR0(pt) ⊕ RH(G,R) ⊗ KR−4(pt) ⊕ r(R(G,C) ⊗ K0(+))
=RR(G,R) ⊕ RH(G,R) ⊗ Zµ ⊕ RR(G,C)
RR(G,R) ⊕ RR(G,H) ⊕ RR(G,C)
(if [V] ∈ RH(G,R), then [V] · µ = [V ⊕ V] ∈ RR(G,H))
=RR(G)
=KR0G(pt).
(3) follows from Proposition 1.3.8. 
Remark 2.4.4. In [AS], KR∗G(X), where the G-action is trivial, is given as the fol-
lowing direct sum of abelian groups
RR(G,R) ⊗ KR∗(X) ⊕ RR(G,C) ⊗ KC∗(X) ⊕ RR(G,H) ⊗ KH∗(X),
51
where KC∗(X) and KH∗(X) are Grothendieck groups of the so-called ‘Complex vec-
tor bundles’ and ‘Quaternionic vector bundles’ of X. We find Proposition 2.4.3,
which is motivated by this description, better because the ring structure of the co-
efficient ring is more apparent when cast in this light. The proposition is, as we
will see in the next section, a consequence of a structure theorem of equivariant
KR-theory (Theorem 2.5.5), and therefore still holds true if the point is replaced by
any general space X with trivial G-action.
2.5 Equivariant KR-theory rings of compact simply-connected
Lie groups
Throughout this section we assume that G is a compact, connected and simply-
connected Real Lie group unless otherwise specified. We will prove the main
result of this paper, Theorem 2.5.33, which gives the ring structure of KR∗G(G). Our
strategy is outlined as follows.
1. We obtain a result on the structure of KR∗G(G) (Corollary 2.5.10) which is
analogous to Theorem 2.3.5 and Proposition 2.4.3. We define δGR(ϕi), δ
G
H(θ j),
λGk and r
G
ρ,i,ε1,...,εt ,ν1,...,νt
(cf. Definition 2.5.8 and Corollary 2.5.11), which generate
KR∗G(G) as a KR
∗
G(pt)-algebra, as a result of Corollary 2.5.10. We show that
(λGk )
2 = 0 (cf. Proposition 2.5.13).
2. We compute the module structure of KR∗(U(n),σF)(U(n), σF) for F = R and H.
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3. Let T be the maximal torus of diagonal matrices in U(n) and, by abuse of
notation, σR be the inversion map on T , σH be the involution on U(n)/T
(where n = 2m is even) defined by gT 7→ JmgT . We show that the restriction
map
p∗G : KR
∗
(U(n),σR)(U(n), σR)→ KR∗(T,σR)(T, σR)
and the map
q∗G : KR
∗
(U(2m),σH)(U(2m), σH)→ KR∗(U(2m),σH)(U(2m)/T × T, σH × σR)
induced by the Weyl covering map qG : U(2m)/T×T → U(2m), (gT, t) 7→ gtg−1,
are injective.
4. Let σn be the class of the standard representation of U(n). We pass the com-
putation of the two squares δGR(σn)
2 ∈ KR∗(U(n),σR)(U(n), σR) and δGH(σ2m)2 ∈
KR∗(U(2m),σH)(U(2m), σH) through the induced map p
∗
G and q
∗
G to their images
and get equations (2.5) and (2.6) in Proposition 2.5.29.
5. Applying induced maps ϕ∗i and θ
∗
j to equations (2.5) and (2.6) yields
equations (2.7) and (2.8) in Theorem 2.5.30 which, together with Proposi-
tion 2.5.13 and some relations among η, µ and rGρ,i,ε1,...,εt ,ν1,...,νt deduced from
Proposition 1.3.8, describe completely the ring structure of KR∗G(G) (cf. The-
orem 2.5.33).
Remark 2.5.1. 1. Seymour first suggested the analogues of Steps 3, 4 and 5 in
the ordinary KR-theory case in [Se] in an attempt to compute δR(ϕi)2 and
δH(θ j)2, but failed to establish Step 3, which he assumed to be true to make
conjectures about δR(ϕi)2.
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2. In equivariant complex K-theory, K∗G(G/T × T )  K∗T (T ) for any compact Lie
group G, and the two maps p∗G (the restriction map induced by the inclu-
sion T ↪→ G) and q∗G which is induced by the Weyl covering map are the
same. If pi1(G) is torsion-free, then these two maps are shown to be injective
(cf. [BZ]. In fact it is even shown there that the maps inject onto the Weyl
invariants of K∗T (T )). In the case of equivariant KR-theory, things are more
complicated. First of all, while in the case where (G, σG) = (U(n), σR), it is
true that KR∗G(G/T × T )  KR∗T (T ), and p∗G and q∗G are the same, it is no longer
true in the case where (G, σG) = (U(2m), σH). In Step 3, we use q∗G for the
quaternionic type involution case because we find that it admits an easier
description than p∗G does. Second, we do not know whether p
∗
G and q
∗
G are
injective for general compact Real Lie groups (equipped with any Lie group
involution). For our purpose it is sufficient to show the injectivity results in
Step 3.
2.5.1 A structure theorem
Definition 2.5.2. A G-space X is a Real equivariantly formal space if
1. G is a compact Real Lie group,
2. X is a weakly equivariantly formal G-space, and
3. the forgetful map KR∗G(X) → KR∗(X) admits a section sR : KR∗(X) → KR∗G(X)
which is a KR∗(pt)-module homomorphism.
54
Remark 2.5.3. If X is a weakly equivariantly formal G-space, then the forgetful
map K∗G(X) → K∗(X) admits a (not necessarily unique) section s : K∗(X) → K∗G(X)
which is a group homomorphism.
Definition 2.5.4. For a section s : K∗(X) → K∗G(X) (resp. sR : KR∗(X) → KR∗G(X))
and a ∈ K∗(X) (resp. a ∈ KR∗(X)), we call s(a) (resp. sR(a)) a (Real) equivariant lift
of a, with respect to s (resp. sR).
We first prove a structure theorem of equivariant KR-theory of Real equivari-
antly formal spaces.
Theorem 2.5.5. Let X be a Real equivariantly formal space. For any element a ∈ K∗(X)
(resp. a ∈ KR∗(X)), let aG ∈ K∗G(X) (resp. aG ∈ KR∗G(X)) be a (Real) equivariant lift
of a with respect to a group homomorphic section s (resp. sR which is a KR∗(pt)-module
homomorphism). Then the map
f : (RR(G,R) ⊕ RH(G,R)) ⊗ KR∗(X) ⊕ r(R(G,C) ⊗ K∗(X))→ KR∗G(X),
ρ1 ⊗ a1 ⊕ r(ρ2 ⊗ a2) 7→ ρ1 · (a1)G ⊕ r(ρ2 · (a2)G).
is a group isomorphism. In particular, if R(G,C) = 0, then f is a KR∗G(pt)-module isomor-
phism.
Proof. Consider the following H(p, q)-systems
HRα(p, q) := KR−α
(
X × S q,0, X × S p,0)  KR−α+p(X × S q−p,0),
Hα(p, q) := K−α
(
X × S q,0, X × S p,0)  K−α+p(X × S q−p,0),
HRαG(p, q) := KR
−α
G
(
X × S q,0, X × S p,0)  KR−α+pG (X × S q−p,0).
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For the last H(p, q)-system, G acts on S q−p,0 trivially. The spectral sequences in-
duced by these H(p, q)-systems converge to KR∗(X), K∗(X) and KR∗G(X) respectively
(for the assertion for the first two H(p, q)-systems, see the proofs of Theorem 3.1
and Lemma 4.1 of [Se]. That the third H(p, q)-system converges to KR∗G(X) follows
from a straightforward generalization of the aforementioned proofs by adding
equivariant structure throughout). Consider the two long exact sequences for the
pair (X × Bq−p,0, X × S q−p,0), with the top exact sequence involving equivariant KR-
theory and the bottom one ordinary KR-theory, and the vertical maps being for-
getful maps. By applying the five-lemma, we have that each element in the first
two H(p, q)-systems has a (Real) equivariant lift. Define a group homomorphism
f (p, q) : (RR(G,R) ⊕ RH(G,R)) ⊗ HRα(p, q) ⊕ r(R(G,C) ⊗ Hα(p, q))→ HRαG(p, q)
by
ρ1 ⊗ a1 ⊕ r(ρ2 ⊗ a2) 7→ ρ1 · (a1)G ⊕ r(ρ2 · (a2)G).
As RR(G,R), RH(G,R) and R(G,C) are free abelian groups, and tensoring free
abelian groups and taking cohomology commute, f is the abutment of f (p, q).
On the Ep,q1 -page, f (p, q) becomes
f p,q1 : (RR(G,R) ⊕ RH(G,R)) ⊗ KR−q
(
X × S 1,0) ⊕ r(R(G,C) ⊗ K−q(X × S 1,0))
→ KR−qG
(
X × S 1,0).
Note that K−q(X × S 1,0)  K−q(X) ⊕ K−q(X), KR−q(X × S 1,0)  K−q(X), and KR−qG (X ×
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S 1,0)  K−qG (X). With the above identification,
r : R(G,C) ⊗ K−q(X × S 1,0)→ KR−qG (X × S 1,0)  K−qG (X),
ρ1 ⊗ (a1, 0) ⊕ ρ2 ⊗ (0, a2) 7→ ρ1 · (a1)G + σ∗Gρ2 ·
(
σ∗Ga2
)
G.
So r(R(G,C) ⊗ K−q(X × S 1,0)) = R(G,C) ⊗ K−q(X). f p,q1 is a group homomorphism
from (RR(G,R) ⊕ RH(G,R) ⊕ R(G,C)) ⊗ K−q(X)  R(G) ⊗ K−q(X) to K−qG (X), which is
an isomorphism by weak equivariant formality of X. It follows that f is also an
isomorphism. If R(G,C) = 0, then by (1) of Proposition 2.4.3 and (3) of Definition
2.5.2, f is indeed a KR∗G(pt)-module isomorphism. 
Remark 2.5.6. The term ‘Real equivariant formality’ is suggested by the observa-
tion that, if X is a Real equivariantly formal G-space and R(G,C) = 0, then the
map
KR∗G(X) ⊗RR(G,R)⊕RH(G,R) Z→ KR∗(X)
induced by the forgetful map is a ring isomorphism, which smacks of the ring
isomorphism in the definition of weak equivariant formality.
Lemma 2.5.7. δR(ϕi), δH(θ j), λk and ri,ε1,...,εt ,ν1,...,νt ∈ KR∗(G) all have Real equivariant lifts
in KR∗G(G). Hence G is a Real equivariantly formal space.
Proof. A natural choice of a Real equivariant lift of δR(ϕi) is represented by the
complex of vector bundles in Proposition 2.1.2 equipped with both the Real struc-
ture and equivariant structure defined for δR(ϕi) and δG(ϕ) respectively. These two
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structures are easily seen to be compatible. A Real equivariant lift of δH(θ j) can be
similarly defined. The class
r
(
βi · δG(γ1)ε1 · · · δG(γt)εtδG(σ∗Gγ1)ν1 · · · δG(σ∗Gγt)νt
)
obviously is a Real equivariant lift of ri,ε1,...,εt ,ν1,...,νt . By adding the natural equivari-
ant structure throughout the construction of λk in the proof of Proposition 4.6 in
[Se], one can obtain a Real equivariant lift of λk. 
Definition 2.5.8. We fix a choice of equivariant lift of any element a ∈ K∗(G) by
defining δG(ρ) to be the equivariant lift of δ(ρ). Similarly, we fix a choice of Real
equivariant lift of a ∈ KR∗(G) by defining δGR(ϕi), δGH(θ j), λGk , and rGi,ε1,...,εt ,ν1,...,νt in
the proof of Lemma 2.5.7 to be the Real equivariant lift of δR(ϕi), δH(θ j), λk and
ri,ε1,...,εt ,ν1,...,νt .
Remark 2.5.9. λGk satisfies c(λ
G
k ) = β
3δG(γk)δG(σ∗Gγk).
Corollary 2.5.10. Let G be a compact, connected and simply-connected Real Lie group.
The map
f : (RR(G,R) ⊕ RH(G,R)) ⊗ KR∗(G) ⊕ r(R(G,C) ⊗ K∗(G))→ KR∗G(G),
ρ1 ⊗ a1 ⊕ r(ρ2 ⊗ a2) 7→ ρ1 · (a1)G ⊕ r(ρ2 · (a2)G)
is a group isomorphism. Here (ai)G is the (Real) equivariant lift defined as in Defini-
tion 2.5.8. In particular, if R(G,C) = 0, then f is an isomorphism of KR∗G(pt)-modules
from KR∗G(pt) ⊗ K∗(G) to KR∗G(G).
Proof. The result follows from Theorem 2.5.5 and Lemma 2.5.7. In the special case
where R(G,C) = 0, KR∗(G) is isomorphic to KR∗(pt) ⊗ K∗(G) as KR∗(pt)-modules
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by (1) of Theorem 2.3.5, and applying Theorem 2.5.5 and Proposition 2.4.3 give
KR∗G(G)  RR(G) ⊗ KR∗(G)  RR(G) ⊗ KR∗(pt) ⊗ K∗(G)  KR∗G(pt) ⊗ K∗(G). In this
way f is a KR∗G(pt)-module isomorphism from KR
∗
G(pt) ⊗ K∗(G) to KR∗G(G). 
Corollary 2.5.11. Let
rGρ,i,ε1,...,εt ,ν1,...,νt := r
(
βi · ρδG(γ1)ε1 · · · δG(γt)εtδG(σ∗Gγ1)ν1 · · · δG(σ∗Gγt)νt
)
,
where ρ ∈ R(G,C) ⊕ Z · ρtriv and ε1, . . . , εt, ν1, . . . , νt are as in Theorem 2.3.1.
Then KR∗G(G), as an algebra over KR
∗
G(pt), is generated by δ
G
R(ϕ1), . . . , δ
G
R(ϕr),
δGH(θ1), . . . , δ
G
H(θs), λ1, . . . , λt, and r
G
ρ,i,ε1,...,εt ,ν1,...,νt
.
Remark 2.5.12. If ρ = ρtriv, then rGρ,i,ε1,...,εt ,ν1,...,νt = r
G
i,ε1,...,εt ,ν1,...,νt
. If ρ ∈ R(G,C), then
rGρ,i,ε1,...,εt ,ν1,...,νt comes from r(R(G,C)⊗K∗(G)) in the decomposition of Theorem 2.5.5.
Now we are in a position to compute (λGk )
2 by imitating the proof of Proposi-
tion 4.7 in [Se].
Proposition 2.5.13.
(
λGk
)2
= 0.
Proof. Consider the Real Lie group (U(n) × U(n), σC), where σC(g1, g2) = (g2, g1).
Let p j : U(n)×U(n)→ U(n) be the projection onto the j-th factor, and ui = p∗1(∧iσn),
vi = p∗2(∧iσn). Thus σ∗Cui = vi. A decomposition of K∗(U(n) × U(n)) by the induced
involution σ∗C is given by M ⊕ T ⊕ σ∗CT , where M is the subalgebra generated by
δ(u1)δ(v1), . . . , δ(un)δ(vn). By Proposition 2.3.1, there exist h1, . . . , hn ∈ KR0(U(n) ×
U(n), σC) such that c(hi) = β3δ(ui)δ(vi), and KR∗(U(n) ×U(n), σC)  F ⊕ r(K∗(+) ⊗ T ),
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where F is the KR∗(pt)-module freely generated by monomials in h1, . . . , hn. By
Corollary 2.5.10,
KR∗(U(n)×U(n),σC)(U(n) × U(n), σC)  RR(U(n) × U(n), σC,R) ⊗ (F ⊕ r(K∗(+) ⊗ T ))
⊕ r(R(U(n) × U(n), σC,C) ⊗ K∗(U(n) × U(n))).
Let hGi be the equivariant lift of hi as defined in Definition 2.5.8. So c(h
G
i ) =
β3δG(ui)δG(vi) and c((hGi )
2) = 0. Consequently (hGi )
2 = ηki for some ki ∈
KR−7(U(n)×U(n),σC)(U(n) × U(n), σC) (cf. Gysin sequence (3.4) in [At3] and its equivari-
ant analogue). Since η · r(·) = 0, we may assume that ki is from the component
RR(U(n) × U(n), σC,R) ⊗ F. But the degree −7 piece of the later is 0. So (hGi )2 = 0.
Consider the map
γk × σ∗Cγk : (G, σG)→ (U(n) × U(n), σC),
g 7→ (γk(g), γk(σG(g))).
It can be easily seen that (γk × σ∗Cγk)∗(hG1 ) = λGk . So (λGk )2 = 0. 
2.5.2 The module structure of KR∗(U(n),σF)(U(n), σF)
Definition 2.5.14. Let σn be (the class of) the standard representation of U(n).
Proposition 2.5.15. σn,∧2σn, . . . ,∧nσn ∈ RR(U(n), σR,R), ∧2iσ2m ∈ RR(U(2m), σH,R)
and ∧2i+1σ2m ∈ RH(U(2m), σH,R). Also, both R(U(n), σR,C) and R(U(2m), σH,C) are 0.
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Proof. For the involution σR and ∧iσn, define the bilinear form
BR : ∧iσn × σ∗R ∧i σn → C,
(v1 ∧ · · · ∧ vi,w1 ∧ · · · ∧ wi) 7→ det(〈v j,wk〉).
Obviously the form is U(n)-invariant, symmetric and non-degenerate. By Propo-
sition 2.2.10, each of ∧iσn, 1 ≤ i ≤ n is a Real representation of real type. Similarly,
define, for the involution σH and ∧iσ2m, a bilinear form
BH : ∧iσ2m × σ∗H∧iσ2m → C,
(v1 ∧ · · · ∧ vi,w1 ∧ · · · ∧ wi) 7→ det(〈Jmv j,wk〉).
It is U(n)-invariant because
BH(gv, gw) = det(〈Jmgv j, JmgJ−1m wk〉)
= det(〈Jmgv j, JmgJ−1m wk〉)
= det(〈v j, J−1m wk〉)
= det(〈Jmv j,wk〉).
Moreover
BH(v,w) = det(〈Jmv j,wk〉)
= det(〈−v j, Jmwk〉)
= det(−〈Jmwk, v j〉)
= det(−〈Jmwk, v j〉)
= (−1)iBH(w, v).
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So by Propositions 2.2.8, 2.2.10 and 2.2.14, ∧iσ2m is a Real representation of real
type when i is even and a Quaternionic representation of real type when i is odd.
There are no complex representations of complex type because ∧iσn  σ∗F∧iσn for
F = R and H. 
Lemma 2.5.16. KR∗(U(n),σF)(U(n),σF) is isomorphic to Ω
∗
KR∗(U(n),σF)(pt)/KR
∗(pt)as KR
∗
(U(n),σF)
(pt)-
modules, where F = R or H.
Proof. Theorem 2.5.5 implies that, KR∗(U(n),σR)(U(n), σR)  RR(U(n), σR) ⊗
KR∗(U(n), σR) and KR∗(U(n),σH)(U(n), σH)  (RR(U(n), σH,R) ⊕ RH(U(n), σH,R)) ⊗
KR∗(U(n), σH). Moreover, by Theorem 2.3.8 and Proposition 2.5.15,
KR∗(U(n), σR) 
∧
KR∗(pt)
(δR(σn), . . . , δR(∧nσn))
and
KR∗(U(2m), σH) 
∧
KR∗(pt)
(
δH(σ2m), δR(∧2σ2m), . . . , δR(∧2mσ2m)).
Putting all these together and applying Theorem 2.4.3, we get the desired conclu-
sion. 
Remark 2.5.17. As ungraded KR∗(pt)-modules, both KR∗(U(2m),σR)(U(2m), σR) and
KR∗(U(2m),σH)(U(2m), σH) are isomorphic to K
∗
U(2m)(U(2m)) ⊗ KR∗(pt).
2.5.3 Injectivity results
This step involves proving that the restriction map p∗G to the equivariant KR-
theory of the maximal torus and the map q∗G induced by the Weyl covering map
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are injective.
Lemma 2.5.18. Let G be a compact Lie group and X a G-space. Let i∗1 : K
∗
G(X) → K∗T (X)
be the map which restricts the G-action to T -action. Then
i∗1 ⊗ IdR : K∗G(X) ⊗ R→ K∗T (X) ⊗ R
is injective for any ring R.
Proof. By [At4, Proposition 4.9], i∗1 is split injective. So is i
∗
1 ⊗ IdR for any ring R. 
Lemma 2.5.19. Let i∗2 : K
∗
T (G) → K∗T (T )  R(T ) ⊗ K∗(T ) be the map induced by the
inclusion T ↪→ G. Then
i∗2δT (ρ) =
dim ρ∑
j=1
eτ j ⊗ δ(τ j) ∈ K−1T (T ),
where τ j are the weights of ρ.
Proof. Let V be the vector space underlying the representation ρ. δT (ρ) is repre-
sented by the complex of T -equivariant vector bundles
0 −→ G × R × V −→ G × R × V −→ 0,
(g, t, v) 7→ (g, t,−tρ(g)v) if t ≥ 0,
(g, t, v) 7→ (g, t, tv) if t ≤ 0
which, on restricting to
0 −→ T × R × V −→ T × R × V −→ 0
is decomposed into a direct sum of complexes of 1-dimensional T -equivariant
vector bundles, each of which corresponds to a weight of ρ. 
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Lemma 2.5.20. Let G be a simply-connected, connected compact Lie group and ρ1, . . . , ρl
be its fundamental representations. Then
i∗2
 l∏
i=1
δT (ρi)
 = dG ⊗ l∏
i=1
δ($i), (2.4)
where $i the i-th fundamental weight and dG =
∑
w∈W
sgn(w)e
w· l∑
i=1
$i ∈ R(T ) is the Weyl
denominator.
Proof. Equation (2.4) follows from Lemma 2.5.19 and Lemma 3 of [At2]. 
Lemma 2.5.21. Let M be an R-module freely generated by m1, . . . ,ml, and N an R-module.
If f : M → N is an R-module homomorphism, and r f (m1)∧· · ·∧ f (ml) ∈ ∧lR N is nonzero
for all r ∈ R \ {0}, then ∧∗
f :
∧∗
R
M →
∧∗
R
N
is injective.
Proof. It suffices to show that
∧k f is injective for 1 ≤ k ≤ l. Suppose I ⊆ {1, . . . , l},
|I| = k, mI := ∧i∈I mi and f (mI) := ∧i∈I f (mi). If ∑|I|=k rImI ∈ ker(∧k f ), then for any J
with |J| = k,
0 =
∑
|I|=k
rI f (mI) ∧ f (mJc) = rJ f (m1) ∧ · · · ∧ f (ml).
Hence
∑
|I|=k
rImI = 0 and the conclusion follows. 
Lemma 2.5.22. Let G be a simply-connected, connected and compact Lie group. Then the
map
i∗2 ⊗ IdR : K∗T (G) ⊗ R→ K∗T (T ) ⊗ R
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is injective for any ring R.
Proof. Note that
K∗G(G) ⊗R(G) R(T )→ K∗T (G),
a ⊗ ρ 7→ i∗1(a) · ρ.
is an R(T )-algebra isomorphism (cf. [HLS, Theorem 4.4]). Using Theorem 2.1.7,
we have that K∗T (G) is isomorphic, as an R(T )-algebra, to
∧∗
R(T ) M, where M is the
R(T )-module freely generated by δT (ρ1), . . . , δT (ρl). We also observe that K∗T (T ) is
isomorphic, as an R(T )-algebra, to
∧∗
R(T ) N, where N is the R(T )-module freely gen-
erated by δ($1), . . . , δ($l). Note that the hypotheses of Lemma 2.5.21 are satisfied
by f = i∗2 ⊗ IdZm for any m ≥ 2, as r
l∏
i=1
i∗2δT (ρi) = ri
∗
2
l∏
i=1
δT (ρi) = rdG ⊗
l∏
i=1
δ($i) (by
Lemma 2.5.20) is indeed nonzero for any nonzero r in Zm (the coefficients of dG are
either 1 or −1, so after reduction mod m rdG is still nonzero). Now that i∗2 ⊗ Zm is
injective, so is i∗2 ⊗ IdR for any ring R. 
Proposition 2.5.23. 1. Let G be a compact, connected and simply-connected Real Lie
group such that RR(G,C) = RR(G,H) = 0 and there exists a maximal torus T on
which the involution acts by inversion. Then the restriction map
KR∗G(G)→ KR∗T (T )
is injective.
2. The map p∗G : KR
∗
(U(n),σR)
(U(n), σR)→ KR∗(T,σR)(T, σR) is injective.
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Proof. By Corollary 2.5.10, KR∗G(G)  K
∗
G(G)⊗KR∗(pt) and KR∗T (T )  K∗T (T )⊗KR∗(pt)
as KR∗(pt)-modules. Using this identification, we can as well identify the restric-
tion map with i∗ ⊗ IdKR∗(pt), where i∗ := i∗2 ◦ i∗1. Part (1) then follows from Lem-
mas 2.5.18 and 2.5.22. Part (2) is immediate once we apply Lemma 2.5.18 and note
that the proofs of Lemmas 2.5.20 and 2.5.22 can be adapted to the case G = U(n)
by letting σn, . . . ,∧nσn play the role of the fundamental representations and their
highest weights, the fundamental weights. 
Lemma 2.5.24. KR∗(U(2m),σH)(U(2m)/T, σH)  Z[e
H
1 , . . . , e
H
2m, (e
H
1 e
H
2 · · · eH2m)−1] ⊗ KR∗(pt)
as rings, where eHi lives in the degree −4 piece.
Proof. It is known that K∗(U(2m)/T )  Z[α1, . . . , α2m]/(si −
(
2m
i
)
|1 ≤ i ≤ 2m),
where αi = [U(2m) ×T Cei] and si is the i-th elementary symmetric polynomial
(cf. [At, Proposition 2.7.13]). The induced map σ∗H acts as identity on K
∗(U(2m)/T ).
The involution σH on the base lifts to a Quaternionic structure on the associ-
ated complex line bundle, so there exist αH1 , . . . , α
H
2m ∈ KR−4(U(2m)/T ), such that
their complexifications are β2α1, . . . , β2α2m ∈ K∗(U(2m)/T ). By Theorem 2.3.1,
KR∗(U(2m)/T, σH) is a KR∗(pt)-module generated by polynomials in αH1 , . . . , α
H
2m ∈
KR−4(U(2m)/T, σH). In fact it is not hard to see that KR∗(U(2m)/T , σH) is isomor-
phic to
Z[αH1 , . . . , αH2m] ⊗ KR∗(pt)
/(
s2k −
(
2m
2k
)
, s2k−1 − 12µ
(
2m
2k − 1
)∣∣∣∣∣∣ 1 ≤ k ≤ m
)
.
Also obvious is that each of αHi has an equivariant lift e
H
i ∈ KR−4(U(2m),σH)(U(2m)/T, σH).
Now that all the hypotheses in Theorem 2.5.5 are satisfied, we can apply it,
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together with the fact that R(U(2m), σH,C) = 0 (cf. Proposition 2.5.15) to see that
KR∗(U(2m),σH)(U(2m)/T, σH) is isomorphic to
(RR(U(2m), σH,R) ⊕ RH(U(2m), σH,R)) ⊗ KR∗(U(2m)/T, σH)
as RR(U(2m), σH,R) ⊕ RH(U(2m), σH,R)-modules (actually as rings). Noting that
RR(U(2m), σH,R) ⊕ RH(U(2m), σH,R)  Z[s1, . . . , s2m, s−12m]
we establish the Lemma. 
Proposition 2.5.25. KR∗(U(2m),σH)(U(2m)/T × T, σH × σR) is isomorphic to
Z
[
eH1 , . . . , e
H
2m,
(
eH1 · · · eH2m
)−1] ⊗ KR∗(T, σR)
as graded rings.
Proof. First, by [P, Theorem 1], Proposition 2.4.3 and Lemma 2.5.24,
KR∗(U(2m),σH)(U(2m)/T, σH) is a free KR
∗
(U(2m),σH)
(pt)-module. The same is also true
of KR∗(U(2m),σH)(T, σR) since, by Theorem 2.5.5, it is isomorphic to RR(U(2m), σH) ⊗
KR∗(T, σR), which in turn is isomorphic to KR∗(U(2m),σH)(pt)⊗K∗(T ). The proposition
follows from a version of Ku¨nneth formula for equivariant KR-theory. 
Remark 2.5.26. KR∗(U(2m),σH)(U(2m)/T ×T, σH ×σR) is isomorphic to K∗T (T )⊗KR∗(pt)
and KR∗(T,σR)(T, σR) as ungraded KR
∗(pt)-modules.
Proposition 2.5.27. The map q∗G is injective.
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Proof. By Remarks 2.5.17 and 2.5.26, KR∗(U(2m),σH)(U(2m), σH) and KR
∗
(U(2m),σH)
(U(2m)/T×
T, σH × σR) are isomorphic to KR∗(U(2m),σR)(U(2m), σR) and KR∗(T,σR)(T, σR) respec-
tively, as ungraded KR∗(pt)-modules. It is not hard to see that q∗G can be iden-
tified with p∗G under these isomorphisms. Now the result follows from Proposi-
tion 2.5.23. 
2.5.4 Squares of algebra generators of real and quaternionic
types
Lemma 2.5.28. KR∗(T, σR) is isomorphic to the exterior algebra over KR∗(pt) generated
by δR(e1), . . . , δR(en), as KR∗(T,σR)(pt)-modules. Here ei is the 1-dimensional complex repre-
sentation with weight being the i-th standard basis vector of the weight lattice. Moreover,
δR(ei)2 = ηδR(ei).
Proof. Since R(T, σR,C) = 0, the module structure follows from Theorem 2.3.8. For
the second part of the Lemma, see the appendix of [Se]. 
Proposition 2.5.29. In KR∗(U(n),σR)(U(n), σR)
δGR(σn)
2 = η
(
σn · δGR(σn) − δGR(∧2σn)
)
. (2.5)
In KR∗(U(2m),σH)(U(2m), σH),
δGH(σ2m)
2 = η
(
σ2m · δGH(σ2m) − δGR(∧2σ2m)
)
. (2.6)
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Proof. Now that we have shown that p∗G and q
∗
G are injective by Propositions 2.5.23
and 2.5.27, we can compute δGR(σn)
2 and δGH(σ2m)
2 by passing the computation
through p∗G and q
∗
G to their images. We prove the case F = R. The proof of the
case F = H is similar so we leave it to the reader. Note that
p∗G
(
δGR(σn)
2) = p∗G(δGR(σn))2
=
 n∑
i=1
ei ⊗ δR(ei)
2
=
n∑
i=1
e2i ⊗ ηδR(ei) +
∑
i, j
eie j ⊗ δR(ei)δR(e j)
Lemma 2.5.28
=
n∑
i=1
e2i ⊗ ηδR(ei) +
∑
i< j
eie j ⊗ (δR(ei)δR(e j) + δR(e j)δR(ei))
=
n∑
i=1
e2i ⊗ ηδR(ei).
On the other hand,
p∗(σn · δGR(σn)) =
 n∑
i=1
ei ⊗ 1
  n∑
i=1
ei ⊗ δR(ei)

=
∑
1≤i, j≤n
eie j ⊗ δR(ei)
=
n∑
i=1
e2i ⊗ δR(ei) +
∑
i, j
e jei ⊗ δR(ei)
=
n∑
i=1
e2i ⊗ δR(ei) +
∑
1≤i< j≤n
e jei ⊗ (δR(ei) + δR(e j))
=
n∑
i=1
e2i ⊗ δR(ei) + p∗G
(
δGR(∧2σn)
)
.
From the above equations we obtain
p∗G
(
δGR(σn)
2) = ηp∗G(σn · δGR(σn) − δGR(∧2σn)).
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By Proposition 2.5.23,
δGR(σn)
2 = η
(
σn · δGR(σn) − δGR(∧2σn)
)
. 
Theorem 2.5.30. Let G be a Real compact Lie group. Then
δGR(ϕi)
2 = η
(
ϕi · δGR(ϕi) − δGR(∧2ϕi)
)
, (2.7)
δGH(θ j)
2 = η
(
θ j · δGH(θ j) − δGR(∧2θ j)
)
. (2.8)
Proof. The induced map ϕ∗i : KR
∗
(U(n),σR)
(U(n), σR) → KR∗(G,σG)(G, σG) sends σn to ϕi,
and δGR(σn) to δ
G
R(ϕi). Likewise, the induced map θ
∗
j : KR
∗
(U(2m),σH)
(U(2m), σH) sends
σ2m to θ j, and δGH(σ2m) to δ
G
H(θ j). The result now follows from Proposition 2.5.29. 
To further express δGR(∧2ϕi) and δGR(∧2θ j) in terms of the module generators asso-
ciated with the fundamental representations, we may use the following derivation
property of δGR and δ
G
H.
Proposition 2.5.31. δGR ⊕ δGH is a derivation of the graded ring RR(G) ⊕ RH(G) (with
RR(G) of degree 0 and RH(G) of degree −4) taking values in the graded module KR−1G (G)⊕
KR−5G (G).
Proof. We refer the reader to the proof of Proposition 3.1 of [BZ] with the definition
of δG(ρ) given there (which is incorrect) replaced by the one in Definition 2.1.5.
One just need to simply check that the homotopy ρs in the proof for t ≥ 0 inter-
twines with both σR and σH. 
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Corollary 2.5.32. In KR∗(U(n),σR)(U(n), σR),
δGR
(∧kσn)2 = η 2k∑
i=1
∧2k−iσn · δGR
(∧iσn).
In KR∗(U(2m),σH)(U(2m), σH),
δGH
(∧2k−1σ2m)2 = η 2k−1∑
j=1
(
∧4k−2 j−1σ2m · δGH
(∧2 j−1σ2m) + ∧4k−2 j−2σ2m · δGR(∧2 jσ2m)) ,
δGR
(∧2kσ2m)2 = η 2k∑
j=1
(
∧4k−2 j+1σ2m · δGH
(∧2 j−1σ2m) + ∧4k−2 jσ2m · δGR(∧2 jσ2m)) .
Proof. By the definition,
(∧kσn)∗(δGR(∧2σ
n
k

))
= δGR
(∧2(∧kσn)).
By Exercise 15.32 of [FH],
∧2(∧kσn) =
⊕
i
Γ$k−2i+1+$k+2i−1 .
By Giambelli’s formula,
Γ$k−2i+1+$k+2i−1 = ∧k+2i−1σn · ∧k−2i+1σn − ∧k+2iσn · ∧k−2iσn.
By Proposition 2.5.31
δGR(Γ$k−2i+1+$k+2i−1) = ∧k+2i−1σn · δGR
(∧k−2i+1σn) + ∧k−2i+1σn · δGR(∧k+2i−1σn)
− ∧k+2iσn · δGR
(∧k−2iσn) − ∧k−2iσn · δGR(∧k+2iσn).
Now the first equation is immediate. The second and third equations can be de-
rived similarly. 
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Putting together the previous results yields the following full description of
the ring structure of KR∗G(G).
Theorem 2.5.33. Let G be a simply-connected, connected and compact Real Lie group.
Viewing G as a Real G-space with adjoint action, we have
1. (Corollary 2.5.10) The map
f : (RR(G,R) ⊕ RH(G,R)) ⊗ KR∗(G) ⊕ r(R(G,C) ⊗ K∗(G))→ KR∗G(G)
ρ1 ⊗ a1 ⊕ r(ρ2 ⊗ a2) 7→ ρ1 · (a1)G ⊕ r(ρ2 · (a2)G)
is a group isomorphism. In particular, if R(G,C) = 0, then f is an isomorphism of
KR∗G(pt)-modules.
2. (Corollary 2.5.11) KRG(G) is generated by δGR(ϕ1), . . ., δ
G
R(ϕr), δ
G
H(θ1), . . ., δ
G
H(θs),
λG1 , . . ., λ
G
t and rGρ,i,ε1,...,εt ,ν1,...,νt as an algebra over KR
∗
G(pt). Moreover,
(a) (Proposition 2.5.13)
(
λGk
)2
= 0 for all 1 ≤ k ≤ t.
(b)
(rGρ,i,ε1,...,εt ,ν1,...,νt)
2 =

η2(ρ · σ∗Gρ)(λG1 )ω1 · · · (λGt )ωt if rGρ,i,ε1,...,εt ,ν1,...,νt
is of degree − 1 or − 5,
±µ(ρ · σ∗Gρ)(λG1 )ω1 · · · (λGt )ωt if rGρ,i,ε1,...,εt ,ν1,...,νt
is of degree − 2 or − 6,
0 otherwise.
The sign can be determined using formulae in (2) of Proposition 1.3.8.
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(c) rGρ,i,ε1,...,εt ,ν1,...,νtη = 0, and r
G
ρ,i,ε1,...,εt ,ν1,...,νt
µ = 2rGρ,i+2,ε1,...,εt ,ν1,...,νt .
(d) (Proposition 2.5.30) δGR(ϕi)
2 = η
(
ϕi ·δGR(ϕi)−δGR(∧2ϕi)
)
, δGH(θ j)
2 = η
(
θ j ·δGH(θ j)−
δGR(∧2θ j)
)
. One can express δGR(∧2ϕi) and δGH(∧2θ j) in terms of the algebra
generators using the derivation property of δGR and δ
G
H (cf. Proposition 2.5.31).
Proof. Only (2a) and (2c) need explanation, but they are just equivariant analogues
of Corollary 2.3.7 and follow from (2) of Proposition 1.3.8 and Remark 2.5.9. 
Remark 2.5.34. 1. KR∗G(pt)2, which is the ring obtained by inverting the prime 2
in KR∗G(pt), is isomorphic to
(RR(G, σG,R)⊕RH(G, σG,R))⊗Z
[
1
2 , β
2
]
/
((
β2
)2−1)⊕r(R(G, σG,C)⊗Z [12 , β] /(β4−1)).
2. If R(G,C) = 0, then KR∗G(G)2, which is the ring obtained by inverting the
prime 2 in KR∗G(G), is isomorphic to, as KR
∗
G(pt)2-algebra,∧
KR∗G(pt)2
(
δGR(ϕ1), . . . , δ
G
R(ϕr), δ
G
H(θ1), . . . , δ
G
H(θs)
)
.
2.6 Applications and examples
Applying the forgetful map KR∗G(G)→ KR∗(G) to Proposition 2.5.31 and Theorem
2.5.33, we solve the problem of finding a description of the ring structure of KR∗(G)
which was left open by Seymour in [Se].
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Theorem 2.6.1. Let G be a simply-connected, connected and compact Real Lie group.
Then
δR(ϕi)2 = η
(
dim(ϕi) · δR(ϕi) − δR(∧2ϕi)),
δH(θ j)2 = ηδR(∧2θ j).
One can express δR(∧2ϕi) and δH(∧2θ j) in terms of the generators in Proposition 2.3.5
using the derivation property of δR and δH got by applying the forgetful map to Proposi-
tion 2.5.31. The above equations, together with Theorem 2.3.5 and Corollary 2.3.7, con-
stitute a complete description of the ring structure of KR∗(G).
Remark 2.6.2. Seymour’s conjecture concerning δR(σn)2 is true. However, his con-
jecture that if x ∈ KR−5(X), then x2 = 0 is false, as evidenced by the ring structure
of KR∗(U(2m), σH).
Example 2.6.3. Let G be a simply-connected, connected and compact Real Lie
group with no fundamental representations of complex type. Equip G with both
the trivial G-action and the adjoint action. Both K∗Gtriv(G) and K
∗
GAd
(G) are isomor-
phic to Ω∗R(G)/Z as rings. On the other hand, though both KR
∗
Gtriv
(G) and KR∗GAd(G) are
isomorphic to Ω∗KR∗G(pt)/KR∗(pt) as KR
∗
G(pt)-modules, they are not isomorphic as rings,
as one can tell from the squares of the generators of both rings. For instance, in
KR∗Gtriv(G),
δGR(ϕi)
2 = η
(
dim(ϕi)δGR(ϕi) − δGR(∧2ϕi)
)
whereas in KR∗GAd(G),
δGR(ϕi)
2 = η
(
ϕi · δGR(ϕi) − δGR(∧2ϕi)
)
.
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In this example KR-theory can tell apart two different group actions, while K-
theory cannot.
Example 2.6.4. Let (G, σG) = (S p(2m), Id). Then R(Sp(2m))  Z[σ12m, σ
2
2m, . . . , σ
m
2m],
whereσi2m is the class of the irreducible representation with highest weight L1+L2+
· · ·+Li. Note that σ2k−12m ∈ RH(Sp(2m), Id,R), σ2k2m ∈ RR(Sp(2m), Id,R). Moreover, σi2m+
∧i−2σ2m = ∧iσ2m for 1 ≤ i ≤ m. The equivariant KR-theory KR∗(S p(2m),Id)(S p(2m), Id) is
isomorphic to, as KR∗(Sp(2m),Id)(pt)-modules, the exterior algebra over KR
∗
(Sp(2m),Id)(pt)
generated by δGH(σ
2k−1
2m ) and δ
G
R(σ
2k
2m) for 1 ≤ k ≤ m by Theorem 2.5.33. The restriction
map
i∗ : KR∗(U(2m),σH)(U(2m), σH)→ KR∗(Sp(2m),Id)(Sp(2m), Id)
sends δGR(∧2kσ2m −∧2k−2σ2m) to δGR(σ2k2m) and δGH(∧2k+1σ2m −∧2k−1σ2m) to δGH(σ2k+12m ). Ap-
plying i∗ to the relevant equations in Corollary 2.5.32, we get
δGR
(
σ2k2m
)2
= η
2k∑
i=1
(
σ4k−2i2m · δGR
(
σ2i2m
)
+ σ4k−2i+12m · δGH
(
σ2i−12m
))
,
δGH
(
σ2k−12m
)2
= η
2k−1∑
i=1
(
σ4k−2−2i2m · δGR
(
σ2i2m
)
+ σ4k−1−2i2m · δGH
(
σ2i−12m
))
.
Example 2.6.5. Let (G, σG) = (G2, Id). Then RR(G2)  Z[σ1, σ2], where σ1 and σ2
are the classes of irreducible representations of dimensions 7 and 14, respectively.
Note that both σ1 and σ2 are in RR(G2, Id,R), and that ∧2σ1 = σ1 + σ2, ∧2σ2 =
σ31 − σ21 − 2σ1σ2 − σ1. The equivariant KR-theory KR∗(G2,Id)(G2, Id) is isomorphic to,
as KR∗(G2,Id)(pt)-modules, the exterior algebra over KR
∗
(G2,Id)
(pt) generated by δGR(σ1)
and δGR(σ2), by Theorem 2.5.5. Using Theorem 2.5.30 and Proposition 2.5.31, we
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have
δGR(σ1)
2 = η
(
(σ1 − 1) · δGR(σ1) + δGR(σ2)
)
,
δGR(σ2)
2 = η
(
(σ21 − 1) · δGR(σ1) + σ2 · δGR(σ2)
)
.
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CHAPTER 3
THE ANTI-INVOLUTION CASE
In this Chapter, we assume that G is compact, connected and simply-connected,
as before. We consider G as the Real space G− equipped with instead with an anti-
involution aG, with (G, σG) acting on it by conjugation. We will show that G− is
also a Real equivariant formal space, in the sense of Definition 2.5.2. We will show
that G− are of different degrees from those of KR∗G(G) we consider in the previous
Chapter. Moreover the squares of those generators are zero (see (1) of Theorem
3.2.8), in stark contrast to the case of KR∗G(G) (see Theorem 2.5.30). We henceforth
obtain a generalization of Brylinski-Zhang’s result (see (2) of Theorem 3.2.8).
3.1 The algebra generators of KR∗G(G
−)
Lemma 3.1.1. Let X be a finite CW-complex equipped with an involution. We have that
KR1(X)  [X, (U(∞), aR)]R
KR−3(X)  [X, (U(2∞), aH)]R
where [X,Y]R means the space of Real homotopy classes of Real maps from X to Y .
Proof. See Proposition 1.3.5. 
Definition 3.1.2. Let δinvR : RR(G) → KR1(G−) send ρ to the Real homotopy class
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of it, viewed as the Real map G− → (U(∞), aR). Define δinvH : RH(G) → KR−3(G−)
similarly.
Proposition 3.1.3. If ρ be in RR(G) with (V, σV) being the underlying finite dimensional
Real vector space of the Real unitary representation, then δR(ρ) is represented by the fol-
lowing complex of Real vector bundles
0 −→ G × R × C × (V ⊕ V) −→ G × R × C × (V ⊕ V) −→ 0
(g, t, z, v1, v2) 7→

g, t, z,

−tρ(g) zIV
zIV tρ(g)∗


iv1
iv2

 if t ≥ 0g, t, z,

tIV zIV
zIV −tIV


iv1
iv2

 if t ≤ 0
where the Real structure on G × R × C × (V ⊕ V) is given by
(g, t, z, v1, v2) 7→ (σG(g)−1, t,−z, σV(v2), σV(v1))
Similarly, if ρ ∈ RH(G) with (V, JV) being the underlying finite dimensional Quaternionic
vector space of the Quaternionic unitary representation, then δH(ρ) is represented by the
same complex of Real vector bundles except that the Real structure on G×R×C× (V ⊕V)
is given by
(g, t, z, v1, v2) 7→ (σG(g)−1, t, z,−JV(v2), JV(v1))
Proof. It is straightforward to verify that the given Real structures indeed com-
mute with the middle maps of the complex of vector bundles, and that they are
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canonical. The complex of vector bundles, with the Real structures forgotten, is
the tensor product of the following two complexes
0 −→ G × C × V −→ G × C × V −→ 0
(g, z, v) 7→ (g, z, izv)
0 −→ G × R × V −→ G × R × V −→ 0
(g, t, v) 7→

(g, t,−itρ(g)v) if t ≥ 0
(g, t, itv) if t ≤ 0
(cf. [ABS, Proposition 10.4]) which represent the Bott class β ∈ K−2(G) and
δ(ρ) ∈ K−1(G) as defined in [BZ] respectively (the middle maps of the above two
complexes differ from the ones conventionally used to define β and δ(ρ) by mul-
tiplication by i, which is homotopy equivalent to the constant map). Besides, the
KR-theory classes represented by the complexes of Real vector bundles live in
degree 1 and -3 pieces respectively because of the type of the involution of the
middle maps restricted to R × C. In sum, the two complexes of Real vector bun-
dles represent canonical Real lifts of δ(ρ). Therefore they must represent δinvR (ρ)
(resp. δinvH (ρ)). 
Definition 3.1.4. Let δG,invR : RR(G)→ KR1G(G−) send ρ to the complex of Real vector
bundles as in Proposition 3.1.3 equipped with the equivariant structure given by
(g, t, z, v1, v2) 7→ (σG(g)−1, t, z, ρ(g)v1, ρ(g)v2)
Define δG,invH : RH(G)→ KR−3G (G−) similarly.
79
Proposition 3.1.5. Identifying RR(G) with KR0G(pt) and RH(G) with KR
−4
G (pt) (cf. [AS,
Sect. 8]), δG,invR ⊕δG,invH is a derivation of the graded ring KR0G(pt)⊕KR−4G (pt) taking values
in KR1G(G
−) ⊕ KR−3G (G−).
Proof. The proof can be easily adapted from the one of [BZ, Proposition 3.1] by
straightforwardly modifying the homotopy ρs and replacing the definition of the
map δG given there (which is incorrect) with the one in Definition 2.1.5. The mod-
ified homotopy can be easily seen to intertwines with both Real structures of the
complex of Real vector bundles as in Proposition 3.1.3. 
Proposition 3.1.6. δG(a∗Gρ) = −δG(σ∗Gρ)
Proof. Viewing σ∗Gρ and a
∗
Gρ as maps from G to U(∞), σ∗Gρ ·a∗Gρ is the constant map
with image being the identity. It follows that
0 = δG(σ∗Gρ · a∗Gρ) = δG(σ∗Gρ) + δG(a∗Gρ)
The last equality is the equivariant analogue of [At, Lemma 2.4.6]. 
The fundamental representations of G are permuted by σ∗G (cf. [Se,
Lemma 5.5]). Following the notations in Chapter 2, we let ϕ1, · · · , ϕr,
θ1, · · · , θs, γ1, · · · , γt, σ∗Gγ1, · · · , σ∗Gγt be the fundamental representations ofG, where
ϕi ∈ RR(G,R), θ j ∈ RH(G,R) and γk ∈ R(G,C).
Definition 3.1.7. Let λG,invk be the element in KR
0
G(G
−) constructed by adding the
natural equivariant structure throughout the construction of λk in the proof of [Se,
Proposition 4.6] such that c(λG,invk ) = β
3δG(γk)δG(a∗Gγk) = −β3δG(γk)δG(σ∗Gγk).
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Applying [Se, Theorem 4.2], one can get the KR∗(pt)-module structure of
KR∗(G, aG) (compare with [Se, Theorem 5.6]), from which one can further obtain
the KR∗G(pt)-module structure of KR
∗
G(G
−), by observing that G− is a Real equiv-
ariantly formal (G, σG)-space (cf. Definition 2.5.2) and applying the structure the-
orem for Real equivariantly formal spaces (cf. Theorem 2.5.5). We shall state the
following description of KR∗G(G
−) without proof. We refer the reader to Corollaries
2.5.10, 2.5.11, Proposition 2.5.13 and Theorem 2.5.33 for comparison.
Theorem 3.1.8. 1. The map
f : (RR(G,R) ⊕ RH(G,R)) ⊗ KR∗(G−) ⊕ r(R(G,C) ⊗ K∗(G))→ KR∗G(G−)
ρ1 ⊗ x1 ⊕ r(ρ2 ⊗ x2) 7→ ρ1 · (x1)G ⊕ r(ρ2 · (x2)G)
is a group isomorphism, where xG ∈ KR∗G(G−) is a Real equivariant lift of x ∈
KR∗(G−). If R(G,C) = 0, then f is an isomorphism of KR∗G(pt)-modules.
2. KR∗G(G
−) is generated as an algebra over KR∗G(pt) (for descriptions of the coeffi-
cient ring see Section 2.4.3) by δG,invR (ϕ1), · · · , δG,invR (ϕr), δG,invH (θ1), · · · , δG,invH (θs),
λG,inv1 , · · · , λG,invt and
{rG,invρ,i,ε1,··· ,εt ,ν1,··· ,νt := r(βi · ρδG(γ1)ε1 · · · δG(γt)εtδG(a∗Gγ1)ν1 · · · δG(a∗Gγt)νt}
where ρ ∈ R(G,C) ⊕ Z · ρtriv, ε1, · · · , εt, ν1, · · · , νt are either 0 or 1, εk and νk are not
equal to 1 at the same time for 1 ≤ k ≤ t, and the first index k0 where εk0 = 1 is less
than the first index k1 where νk1 = 1. Moreover,
(a) (λG,invk )
2 = 0.
81
(b) Let ωt := δεt ,1−νt . Then
(rGρ,i,ε1,··· ,εt ,ν1,··· ,νt)
2 =

η2(ρ · σ∗Gρ)(λG1 )ω1 · · · (λGt )ωt if rGρ,i,ε1,··· ,εt ,ν1,··· ,νt
is of degree − 1 or − 5
±µ(ρ · σ∗Gρ)(λG1 )ω1 · · · (λGt )ωt if rGρ,i,ε1,··· ,εt ,ν1,··· ,νt
is of degree − 2 or − 6
0 otherwise
The sign can be determined using formulae in Proposition 1.3.8(2).
(c) rGρ,i,ε1,··· ,εt ,ν1,··· ,νtη = 0, and r
G
ρ,i,ε1,··· ,εt ,ν1,··· ,νtµ = 2r
G
ρ,i+2,ε1,··· ,εt ,ν1,··· ,νt .
Corollary 3.1.9. In particular, if R(G,C) = 0, then
KR∗G(G
−) =
∧
KR∗G(pt)
(δG,invR (ϕ1), · · · , δG,invR (ϕr), δG,invH (θ1), · · · , δG,invH (θs))
 ΩKR∗G(pt)/KR∗(pt)
as KR∗G(pt)-modules.
As we can see, the module structure of KR∗G(G
−) is very similar to that of
KR∗G(G), except that the degrees of the generators are different. Now it remains
to find δG,invR (ϕi)
2 and δG,invH (θ j)
2 so as to complete the description of the ring struc-
ture of KR∗G(G
−). As it turns out, these squares are all zero, in stark contrast to the
involutive automorphism case.
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3.2 Squares of the real and quaternionic type generators
This section is devoted to proving that the squares of the real and quaternionic
generators are zero, following the strategy outlined in Section 2.5.
Applying Brylinski-Zhang’s result on the equivariant K-theory of compact
connected Lie group G with pi1(G) torsion-free and the structure theorem for Real
equivariantly formal space (cf. Theorem 2.5.5), we have
Proposition 3.2.1. For F = R orH, we have the following KR∗(U(n),σF)(pt)-module isomor-
phism
KR∗(U(n),σF)(U(n), aF)  ΩKR∗(U(n),σF)(pt)/KR
∗(pt)
The set {δG,invR (σn), δG,invR (
∧2 σn), · · · , δG,invR (∧n σn)} is a set of primitive generators for the
case F = R, while {δG,invH (σ2m), δG,invR (
∧2 σ2m), · · · , δG,invR (∧2m σ2m)} is a set of primitive
generators for the case F = H.
Corollary 3.2.2. We have the following isomorphism
KR∗(U(n),σF)(U(n), aF)  ΩR(U(n))/Z ⊗ KR∗(pt)
as ungraded KR∗(pt)-modules.
Definition 3.2.3. Let
p∗G,inv : KR
∗
(U(n),σR)(U(n), aR)→ KR∗(T,σR)(T, Id)
be the restriction map and the map
q∗G,inv : KR
∗
(U(2m),σH)(U(2m), aH)→ KR∗(U(2m),σH)(U(2m)/T × T, σH × Id)
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induced by the Weyl covering map
qG : U(2m)/T × T → U(2m)
(gT, t) 7→ gtg−1
Proposition 3.2.4. Identifying KR∗(T,σR)(T, Id) with RR(T, σR) ⊗ KR∗(T, Id), we have
p∗G,inv(δ
G,inv
R (
∧k
σn)) =
∑
1≤ j1<···< jk≤n
e j1 · · · e jk ⊗ δinvR (e j1 + · · · + e jk)
where ei is the 1-dimensional Real representation of (T, σR) with weight being the i-th
standard basis vector of the weight lattice. Similarly, identifying KR(U(2m),σH)(U(2m)/T ×
T, σH×Id) withZ[eH1 , · · · , eH2m, (eH1 · · · eH2m)−1]⊗KR∗(T, Id) (cf. [?, Proposition 4.25]), where
eHi is the degree −4 class in KR(U(2m),σH)(U(2m)/T, σH) represented by the Quaternionic
line bundle U(2m) ×T Cei , we have, for F = R or H (depending on the parity of k),
q∗G,inv(δ
G,inv
F (
∧k
σ2m)) =
∑
1≤ j1<···< jk≤2m
eHj1 · · · eHjk ⊗ δinvR (e j1 + · · · + e jk)
Proof. The proof is similar to Lemma 2.5.19. The Proposition follows from
the fact that the complex of U(n)-equivariant Real vector bundles representing
δG,invF (
∧k σn), as in Proposition 3.1.3, is decomposed into a direct sum of complexes
of T -equivariant Real vector bundles, each of which corresponds to a weight of∧k σn. 
Proposition 3.2.5. Both p∗G,inv and q
∗
G,inv are injective.
Proof. By Lemma 2.5.19 and Proposition 2.5.25, and Corollary 3.2.2 and Proposi-
tion 3.2.4, we can identify both p∗G,inv and q
∗
G,inv with the map
i∗ ⊗ IdKR∗(pt) : K∗U(n)(U(n)) ⊗ KR∗(pt)→ K∗T (T ) ⊗ KR∗(pt)
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where the restriction map i∗ can factor through K∗T (U(n)) as
K∗U(n)(U(n))
i∗1−→ K∗T (U(n))
i∗2−→ K∗T (T )
i∗1 ⊗ IdKR∗(pt) is injective because i∗1 is split injective by [At3, Proposition 4.9]. By
adapting Lemma 2.5.20 to the case G = U(n), we have
i∗2
 n∏
i=1
δT (
∧i
σn)
 = dU(n) ⊗ n∏
i=1
δ(ei)
where dU(n) is the Weyl denominator for U(n). By Lemma 2.5.21 and the fact that
rdU(n) ⊗∏ni=1 δ(ei) , 0 for all r ∈ KR∗(pt) \ {0}, i∗2 ⊗ IdKR∗(pt) is injective as well. Thus
i∗ ⊗ IdKR∗(pt), as well as p∗G,inv and q∗G,inv, are injective. 
Lemma 3.2.6. Let e be the standard representation of S 1. Then δinvR (e)
2 = 0 in KR∗(S 1, Id).
Proof. Note that δinvR (e) ∈ KR−7(S 1, Id). So δinvR (e)2 ∈ KR−6(S 1, Id)  KR−7(pt) = 0. 
Proposition 3.2.7. For F = R or H, δG,invF (σn)
2 = 0 in KR∗(U(n),σF)(U(n), aF).
Proof. This follows from Propositions 3.2.4 and 3.2.5 and Lemma 3.2.6. 
The above results finally culminate in the main theorem of this note.
Theorem 3.2.8. 1. Let G be a Real compact Lie group, and ρ a Real (resp. Quater-
nionic) unitary representation of G. Then δG,invF (ρ)
2 = 0 in KR∗G(G
−) for F = R (resp.
F = H).
2. In particular, if G is connected and simply-connected and R(G,C) = 0, then δG,invR ⊕
δG,invH induces the following ring isomorphism
KR∗G(G
−)  ΩKR∗G(pt)/KR∗(pt)
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Proof. Note that the induced map ρ∗ : KR∗(U(n),σF)(U(n), aF) → KR∗G(G−) sends
δG,invF (σn) to δ
G,inv
F (ρ) by the interpretation of δ
G,inv
F in Proposition 3.1.3. Now part
(1) follows from Proposition 3.2.7. Part (2) follows from part (1) and Corollary
3.1.9. 
Note that Theorems 3.1.8 and 3.2.8 give a complete description of the ring
structure of KR∗G(G
−). Part (2) of Theorem 3.2.8 should be viewed as a general-
ization of Brylinski-Zhang’s result in the context of KR-theory.
Last but not least, we obtain, as a by-product, the following
Corollary 3.2.9. If G is a compact Real Lie group and X a compact Real G-space, then for
any x in KR1G(X) or KR
−3
G (X), x
2 = 0.
Proof. Let EGn be the join of n copies of G, with the Real structure induced by σG
and G-action by the left-translation of G. Let pi∗n : KR∗G(X) → KR∗G(X × EGn) be the
map induced by projection onto X. The map
pi∗ := lim
←−
n
pi∗n : KR
∗
G(X)→ lim←−
n
KR∗G(X × EGn)
is injective because by adapting the proof of [AS, Corollary 2.3] to the Real case,
ker(pi) =
⋂
n∈N In ·KR∗G(X), where I is the augmentation ideal of RR(G), and
⋂
n∈N In =
{0}. Now it suffices to show that pi∗(x)2 = 0. Using Lemma 3.1.1 and compactness
of X×EGn/G, pi∗n(x) ∈ KR∗G(X×EGn) = KR∗(X×EGn/G) can be represented by a Real
map fn : X × EGn/G → (U(kn), aF) for some kn. So pi∗n(x) = f ∗n δinvF (σkn) and pi∗n(x)2 = 0
by Proposition 3.2.7. Since pi∗(x)2 is the inverse limit of pi∗n(x)2 = 0, pi∗(x)2 = 0 as
desired. 
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CHAPTER 4
THE REAL FREED-HOPKINS-TELEMAN THEOREM
4.1 Introduction
In this Chapter, we assume that G is a compact, connected, simply-connected and
simple Lie group, unless otherwise specified.
Having explored the equivariant KR-theory of compact Lie groups in previ-
ous Chapters, we shall turn our attention to the case where a twist, realized by an
equivariant Real DD bundle, is introduced. The case where equivariant and twist
structures are present while the Real structure is not was addressed by Freed-
Hopkins-Teleman Theorem (cf. [Fr], [FHT1], [FHT2], [FHT3]), which is to be dis-
cussed below. It is a recent deep result which provides a connection between the
equivariant twisted K-homology of G and its more subtle representation theory.
Let A be an equivariant DD bundle whose DD class is the generator of
H3G(G,Z)  Z. The equivariant twisted K-homology KG∗ (G,Ap) has a multiplica-
tive structure induced by the crossed product (see (2) in Section 1.6).
KG∗ (G,Ap) ⊗ KG∗ (G,Ap)→ KG∗ (G ×G, pi∗1Ap ⊗ pi∗2Ap)
followed by the pushforward map induced by the group multiplication
m∗ : KG∗ (G ×G, pi∗1Ap ⊗ pi∗2Ap)→ KG∗ (G,Ap)
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Note that there is a Morita isomorphism m∗Ap  pi∗1Ap ⊗ pi∗2Ap because m∗[ηG] =
pi∗1[ηG] + pi
∗
2[ηG]. m∗ is independent of the equivariant Hilbert space bundle E on
G × G which witnesses this Morita isomorphism, and hence canonically defined,
since H2G(G × G,Z) = 0 (cf. (1) of Section 1.6). Freed-Hopkins-Teleman Theorem
asserts that
Theorem 4.1.1. Let h∨ be the dual Coxeter number of G (for definition see Section 4.2).
The equivariant twisted K-homology KG∗ (G,Ak+h∨) is isomorphic to the level k Verlinde
algebra Rk(G) (to be explained below), for k ≥ 0. More precisely, the pushforward map
ι∗ : R(G)  KG∗ (pt)→ KG∗ (G,Ak+h
∨
)
is onto with kernel being Ik, the level k Verlinde ideal (for definition see Section 4.2).
The above Theorem merits some remarks. On one end of the isomorphism
is Verlinde algebra, which is an object of great interest in mathematical physics.
It is the Grothendieck group of the positive energy representations of the level
k central extension of the (free) loop group LG, equipped with an intricately de-
fined ring structure called the fusion product. It is known that Rk(G), as an abelian
group, is generated freely by the isomorphism classes of irreducible positive en-
ergy representations Vλ with highest weight λ in Λ∗k, the set of level k weights (see
Section 4.2 for definition). The fusion product rule can be stipulated by defining
its structural constants cγ
∗
λµ with respect to those generators satisfying
[Vλ] · [Vµ] =
∑
γ∈Λ∗k
cγ
∗
λµ[Vγ]
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to be the dimension of a certain vector space associated with the Riemann sur-
face of genus 0, with three punctures labelled by λ, µ and γ∗ := −w0γ. This vector
space has its root in Conformal Field Theory (see [V]) and can be interpreted as the
space of conformal block (for one of its models see [Be]), which was shown to be
canonically isomorphic to the space of generalized theta functions of the moduli
space of G-bundles (cf. [BL] and the references therein). Thus one of the novel-
ties of Freed-Hopkins-Teleman Theorem is that it provides an algebro-topological
perspective of the fusion product, in addition to the conformal field theory and
algebro-geometric approach. An alternative definition of Verlinde algebra as a
quotient ring of R(G) is given in Section 4.2.
Another interesting aspect of Freed-Hopkins-Teleman Theorem is that it pro-
vides an elegant formulation of geometric quantization of q-Hamiltonian spaces
(cf. [M3], [M4] and the references therein). We will discuss this idea in Section 4.7.
In this Chapter, we achieve the modest goal of proving a partial generalization
of Freed-Hopkins-Teleman Theorem in the Real case (cf. Theorem 4.6.4). In fact
all the works in this thesis grow out of our desire to obtain this generalization. In
formulating our result, we consider G− rather than G equipped with an involutive
automorphism, as the former supports a Real equivariant DD bundle whose DD
class is of infinite order, while the latter does not (cf. (2) of Remark 4.3.4). Our
result essentially asserts that in the case where G admits no Representations of
complex type, the equivariant twisted KR-homology of G− is isomorphic to Ver-
linde algebra tensored with the coefficient ring KR∗(pt), thus exhibiting Real for-
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mality (cf. Remark 2.3.2). Though this result is somewhat expected, in our opinion
it is not obvious, and we are not able to show Real formality immediately using
just the statement of Freed-Hopkins-Teleman Theorem directly. Rather, we need
to follow the proof of Freed-Hopkins-Teleman as worked out in details in [M2],
which involves a spectral sequence argument applied to the simplicial description
of G and the twist. In adapting the proof to the Real case we need to work with
a special choice of maximal tori and root systems, whereas in the original proof
such a choice is unnecessary.
4.2 Notations and definitions
Let G be of rank l, T a fixed choice of maximal torus, and W the corresponding
Weyl group. We let Λ ∈ t be the coroot lattice and Λ∗ ⊂ t∗ the weight lattice. We
fix a choice of simple roots {α0, · · · , αl} (we adopt the convention that α0 = −αmax,
where αmax is the highest root) and the positive Weyl chamber t∗+ ⊂ t∗. We let B
be the basic inner product on g∗, which is the bi-invariant inner product such that
B(αmax, αmax) = 2. B is used to identify t and t∗. The dual Coxeter number, h∨, of G
is then defined to be 1 + B(ρ, αmax). We let ∆k be the level k closed Weyl alcove of
t∗+, defined by the inequalities
λ(α∨i ) + kδi,0 ≥ 0 for i = 0, · · · , l
with vertices labelled by {0, · · · , l}, so that the origin is labelled 0. We use ∆ to
denote the ordinary closed Weyl alcove ∆1. Let Λ∗k be ∆
k ∩ Λ∗, the level k weights.
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Let I ⊆ {0, · · · , l}, and ΦI denote the set of simple roots {αi|i < I},
t∗I,+ := {λ ∈ t∗|λ(α∨i ) + δi,0 ≥ 0, α ∈ ΦI},
Λ∗I,+ = t
∗
I,+ ∩ Λ∗ and ρI = 12
∑
α∈ΦI α.
By abuse of notation, we also use ∆ to denote B](∆) ⊂ t. Let ∆I be the closed
sub simplex of ∆ spanned by vertices with labels from the index set I. Let WI be
the subgroup of W fixing ∆I . We also let GI be the stabilizer subgroup of ∆I and
ΛI , the coroot lattice of GI .
Define
WkI =

the group generated by reflections across ker(α∨i ) for i < I, if 0 ∈ I
the group generated by reflections across ker(α∨i ) for i , 0 and i < I,
and ker(α∨0 ) − kα02 , if 0 < I
If we view R(G) as the ring of characters of G, then the level k Verlinde ideal Ik can
be defined as the vanishing ideal of{
expT
(
B]
(
λ + ρ
k + h∨
))∣∣∣∣∣ λ ∈ Λ∗k}
and the level k Verlinde algebra can be alternatively defined as Rk(G) := R(G)/Ik
(cf. [Be]). Finally, by abuse of notation, we denote by G− the group G viewed as
a G o Γ-space, where the first factor acts by conjugation while the second acts by
the anti-involution aG.
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4.3 The group of Morita isomorphism classes of equivariant Real
DD bundles over G
In this section, we shall compute H3GoΓ(G
−,ZΓ), the group of Morita isomor-
phism classes of G-equivariant Real DD-bundles over G−. It is well-known that
H3G(G,R)  R and the integral generator is represented by the equivariant differ-
ential form
ηG(ξ) =
1
12
〈θL, [θL, θL]〉 − 1
2
〈θL + θR, ξ〉
where θL and θR are the left and right Maurer-Cartan forms respectively,and ξ ∈ g
(cf. [M1, Section 3]).
Lemma 4.3.1. H3G(G,Z) is invariant under Γ.
Proof. It suffices to show that ηG is Γ-invariant. Note that
−(Γ∗ηG)(ξ) = − 112B((σG ◦ inv)
∗θL, [(σG ◦ inv)∗θL, (σG ◦ inv)∗θL]) + 12B((σG ◦ inv)
∗(θL + θR), σG(ξ))
= − 1
12
B(−σ∗GθR, σ∗G[θR, θR]) +
1
2
B(−σ∗G(θL + θR), σG(ξ))
=
1
12
B(θR, [θR, θR]) − 1
2
B(θL + θR, ξ)
= ηG(ξ)
The result follows. 
By Lemma 1.5.11, H3GoΓ(G
−,RΓ)  H3G(G−,R)Γ  R. It follows that H3GoΓ(G
−,ZΓ)
is of rank 1 and its free part is generated by [ηG]. On the other hand, there must be
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a Z2 summand in H3GoΓ(G
−,ZΓ) by the discussion in Example 1.5.12. The non-zero
2-torsion is DDR(pi∗oR0,4). Thus we have that H3GoΓ(G
−,ZΓ) contains the subgroup
generated by [ηG] and DDR(pi∗oR0,4). In fact, it is all that this equivariant Real coho-
mology group contains.
Proposition 4.3.2. H3GoΓ(G
−,ZΓ)  Z[ηG] ⊕ Z2DDR(pi∗oR0,4).
Proof. By definition,
H3GoΓ(G
−,ZΓ) = H3(((G− × EG)/G × EΓ)/Γ, ((G− × EG)/G × EΓ × Z)/Γ)
Applying Serre spectral sequence to the fiber bundle (G−×EG)/G ↪→ ((G−×EG)/G×
EΓ)/Γ→ BΓ, we have that the E2-page is
Ep,q2 = H
p(BΓ,HqG(G
−,Z) ×Γ EΓ)
Note that
E0,32 = H
0(BΓ,Z)  Z (H3G(G,Z)  Z is invariant under the Γ-action by Lemma 4.3.1)
E1,22 = E
2,1
2 = 0 as H
i
G(G,Z) = 0 for i = 1, 2
E3,02 = H
3
Γ(pt,ZΓ)  Z2 (Note that Γ acts on H
0
G(G
−,Z)  Z by negation)
The convergence of the spectral sequence implies that H3GoΓ(G
−,ZΓ) is a certain ex-
tension of subquotients of Z2 by Z. But from the discussion preceding this Propo-
sition we have that H3GoΓ(G
−,ZΓ) contains Z ⊕ Z2 as a subgroup. We conclude that
indeed H3GoΓ(G
−,ZΓ)  Z ⊕ Z2. 
Definition 4.3.3. Any equivariant Real DD bundles over G− whose equivariant
Reall DD class is [−ηG] is called an equivariant Real fundamental DD bundle.
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Remark 4.3.4. 1. LetA be an equivariant Real fundamental DD bundle, whose
construction is given in Section 4.5. We note that the ring structure of
KRG∗ (G
−,Ak+h∨) can be defined in a similar fashion to the one spelled out in
Section 4.1. In this Real situation the push forward map m∗ induced by the
group multiplication is a canonical one because the equivariant Real coho-
mology H2GoΓ(G
− × G−,ZΓ) = 0 (cf. (1) in Section 1.6), which can be proved
along the lines of thought in this Section.
2. Again, using the ideas in this Section, one can show that H3GoΓ(G,ZΓ) 
Z2DDR(pi∗oR0,4) if Γ acts on G by an involutive automorphism. In this case
the equivariant twisted KR-homology of G, KRG∗ (G, pi∗(oR0,4)) is isomorphic to
KRG∗−4(G)  KH
G
∗ (G) by Proposition 1.6.3.
4.4 A distinguished maximal torus with respect to σG
In contructing the equivariant Real fundamental DD-bundle over G and comput-
ing the equivariant twisted KR-homology of G, which are done in Sections 4.5 and
4.6, we need to work with a particular kind of maximal torus associated with σG.
In this Section we record the results about this maximal torus, directly taken from
[OS].
Let g = k ⊕ q, where k and q are the ±1 eigenspaces of σg respectively. Let a
be the maximal abelian subspace of q, t a choice of maximal abelian subalgebra
of g containing a. Let k′ be the centralizer of a in k, and t′ = t ∩ k′. It is known
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that t = t′ ⊕ a (c.f. [OS], Appendix B) and σG respects this decomposition. Let
K′ = expGk
′, T ′ = expGt
′ and T = expGt. T is the maximal torus we will use from
now on. Note that T ′ is a maximal torus of K′. Let W ′ be the Weyl group of K′
with respect to T ′. Let w′0 be the longest element in W
′. Define σ+ : t∗ → t∗ by
σ+(λ) = −σg(w′0λ)
and σ+ : t→ t similarly. Let k0 ∈ N(K′)0(T ′) be any representative of w′0. Let R be the
root system of (g, t). We define a positive root system R+ as follows. Let
R′ = {α ∈ R|σt∗(α) = α}, Rα = {α|a |α < R′}
R′ is the root system of (k′, t′), thus a root subsystem of R. Rα is the system of
restricted roots of the symmetric pair (g, t). Define
R+ := {R′+ ∪ {α ∈ R| α|a ∈ Ra+}
Now we can fix a choice of the closed Weyl alcove ∆ with respect to R+.
Proposition 4.4.1. 1. ([[OS], Lemma 4.7(i)]) σ+ is an involution and σ+(R+) = R+.
Hence σ+ preserves t∗+ and ∆.
2. ([OS], Addendum 4.11) The irreducible representation Vλ of G with highest weight
λ is in RR(G,R) (resp. RH(G,R) iff σ+(λ) = λ and (k20)λ = 1 (resp. (k20)λ = −1).
Vλ ⊕ Vσ+(λ) is in RR(G,C) iff σ+(λ) , λ.
3. ([OS], Lemma 4.7(ii)) σ+(λ) = λ iff either λ ∈ a∗, or λ ∈ (t′)∗ and λ = −w′0λ.
4. ([OS], Lemma 4.7(iii)) If λ ∈ a∗, then (k20)λ = 1. If λ ∈ (t′)∗ and λ = −w′0λ, then
(k20)
λ = ±1.
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5. Let
σG/T : G/T → G/T
gT 7→ σG(g)k−10 T
Then the Weyl covering map
(G/T, σG/T ) × (T, Id)→ G−
is a Real map.
Proof. We only show the last part. Let ξ = ξ1 + ξ2 with ξ1 ∈ t′ and ξ2 ∈ a. Then
σG(g)k−10 exp(σ+(ξ1 + ξ2))k0σG(g)
−1
=σG(g)exp(w′−10 (−σg(w′0(ξ1 + ξ2))))σG(g)−1
=σg(g)exp(−ξ1 + ξ2)σG(g)−1
=σG(g)σG(exp(ξ1 + ξ2))−1σG(g)−1

4.5 Construction of the equivariant Real fundamental DD bun-
dle
In this Section, we shall first review the construction, as in [M2], of the equiv-
ariant DD-bundle A over G whose equivariant DD-class is [−ηG] ∈ H3G(G,Z).
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Then we point out how to equip A with a suitable Real structure so that it be-
comes a Real equivariant DD-bundle over G− with Real equivariant DD-class
[−ηG] ∈ H3GoΓ(G−,ZΓ).
Consider the restriction of A to a maximal torus T , viewed as a T -equivariant
DD-bundle. The central extension
1 −→ U(1) −→ U(H) −→ Aut(K(H)) −→ 1
is pulled back to a central extension T̂ of T via the T -action on Aut(K(H)). In this
wayA|T gives rise to a family of central extensions ∐t∈T T̂t. Now for any t1, t2 ∈ T ,
T̂t1  T̂t2  T × U(1) as central extensions of T up to H2T (pt,Z)  Λ∗. Since the latter
group is discrete, any path from t1 to t2 defines an isomorphism T̂t1 → T̂t2 up to an
element in H2T (pt,Z) which only depends on the homotopy class of the path. We
therefore can define a holonomy homomorphism
pi1(T )  H1(T,Z)  Λ→ H2T (pt,Z)  Λ∗
which is an element in H1(T,Z) ⊗ H2T (pt,Z)  Λ∗ ⊗ Λ∗.
On the other hand, the restriction map
i∗T : H
3
G(G,Z)→ H3T (T,Z)  H2T (pt,Z) ⊗ H1(T,Z) ⊕ H3(T,Z)
is injective, and sends the generator ηG to minus the basic inner product −B|t ∈
Λ∗ ⊗ Λ∗  H2T (pt,Z) ⊗ H1(T,Z) (cf. [M1, Proposition 3.1]). Hence
∐
t∈T T̂t is the
T̂ -bundle t ×Λ T̂ where Λ acts on T̂  T × U(1) by
λ · (t, z) = (t, t−B[(λ)z)
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and the Weyl group W acts on t ×Λ T̂ by
w · [(ξ, t, z)] = [(wξ,wt, z)]
The next step is to construct a suitable family of central extensions
∐
g∈G Ĝg of the
stabilizer subgroup Gg which extends t×Λ T̂ in such a way that the induced action
by conjugation on this family extends that of W on t ×Λ T̂ . This is done in [M2] by
way of simplicial techniques, which we shall recall here.
Note that ∆ parametrizes the orbit spaces of W-action on T , and
T =
∐
I
W/WI × ∆I/ ∼
where, for J ⊂ I,
(ϕJI (w), x) ∼ (w, ιIJ(x)), (4.1)
where ϕJI : W/WI → W/WJ is the natural projection and ιIJ : ∆J → ∆I the inclusion
of simplices.
Definition 4.5.1. Let λI : WI → Λ be defined by the equation ∆I = w · ∆I + λI(w) for
w ∈ WI .
Note that λI is a group cocycle and λI |WJ = λJ for J ⊂ I.
Proposition 4.5.2. The family of central extensions t ×Λ T̂ is isomorphic to ∐I(W ×WI
T̂ ) × ∆I/ ∼W-equivariantly, where WI acts on T̂ by
w · (t, z) = (wt, hB[(λI (w−1)))
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Proof. We first check that the map T̂ × ∆I → t ×Λ T̂ defined by (t, z, ξ) 7→ [(ξ, t, z)] is
WI-equivariant. Indeed, for ξ ∈ ∆I ,
w · [(ξ, t, z)] = [(wξ;wh, z)]
= [(ξ − λI(w);wh, z)]
= [(ξ;wh, (wh)B
[(λI (w))z)]
= [(ξ;wh, h−B
[(λI (w−1)z)]
So it extends to the map
∐
I(W ×WI T̂ )×∆I/ ∼→ t×Λ T̂ , which is W-equivariant. 
Since G admits the following similar simplicial description
G =
∐
I
G/GI × ∆I/ ∼
the desired family of central extension
∐
g∈G Ĝg should be of the form∐
I
(G ×GI ĜI) × ∆I/ ∼
where GI acts by conjugation on ĜI , which is a central extension of GI such that
1. ĜI contains T̂ as the common maximal torus,
2. there are lifted inclusions îIJ : ĜI ↪→ ĜJ satisfying îIK = îIJ ◦̂ iJK for K ⊂ J ⊂ I, and
3. the Weyl group element w ∈ WI  NĜI (T̂ )/T̂  NGI (T )/T acts on T̂ by the action
given in Proposition 4.5.2.
Proposition 4.5.3 ([M1]). The central extension
ĜI,t := G˜I ×pi1(GI ) U(1)
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where G˜I is the universal cover of GI , t = exp(ξ) for ξ ∈ int(∆I) and pi1(GI) = Λ/ΛI acts
on U(1) by
λ · t = t−B[(λ) = exp(−2pi√−1B(λ, ξ))
satisfies the properties stated above.
Proof. The first two properties are easy. For the last one, we only need to note that
if we choose T̂ to be the image of the map
iI : T × U(1)→ ĜI,t
(expT (ζ), z) 7→ [(expG˜I (ζ), exp(−2pi
√−1B(ζ, ξ))z)]
then the conjugation action by a representative of w ∈ WI restricted to T̂ is indeed
the one given in Proposition 4.5.2. 
The isomorphism classes of the central extensions ĜI,t are independent of t because
exp(int(∆I)) is contractible. We shall simply fix a choice of t and drop t from the
subscript in the notation for the central extension of GI from now on.
Lemma 4.5.4. ([M2, Lemma 3.5]) There exists a Hilbert spaceH equipped with unitary
representations of the central extensions ĜI such that the central circle acts with weight
−1 and, for J ⊂ I, the action of ĜJ restricts to that of ĜI .
PuttingAI = G ×GI K(H) and
A =
∐
I
(AI × ∆I)/ ∼
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where the relation ∼ is similar to the one used in Equation 4.1, we have that the
family of central extensions induced by A is the opposite of ∐g∈G Ĝg = ∐I(G ×GI
ĜI) × ∆I/ ∼. The equivariant DD-class ofA is therefore [−ηG].
We end this section by pointing out how to endowAwith a suitable Real struc-
ture which descends to the anti-involution on G, as promised at the beginning of
this section. We choose T to be the distinguished maximal torus with respect to σG
as in Section 4.4. Let σG/GI : G/GI → G/GI be defined by gGI 7→ σG(g)k−10 GI . By (5)
of Proposition 4.4.1, the simplicial piece G/GI × ∆I used in the simplicial descrip-
tion of G induces the anti-involution on G. Setting H ′ := H ⊕ σ∗GH with the Real
structure being swapping the two summands, we obtain a Real representation of
ĜI with the central circle acting by −1, and AI = G ×GI K(H ′). We find that the
simplicial pieceAI × ∆I with the involution
([g, F], ξ) 7→ ([σG(g)k−10 , F], σ+(ξ))
induces the desired Real structure onA.
Remark 4.5.5. The other generator of H3GoΓ(G
−,ZΓ) of infinite order, [−ηG] +
DDR(oR0,4), is the DD class of the same DD bundle A except that the involution
σA is induced by the involution
([g, F], ξ) 7→ ([σG(g)k−10 , JFJ−1], σ+(ξ))
on the simplicial piecesAI × ∆I , where J is a ‘quaternionic quarter turn’ onH .
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4.6 A partial generalization of Freed-Hopkins-Teleman in KR-
homology
This Section is devoted to computing the twisted equivariant KR-homology
KRG∗ (G
−,Ak+h∨) in the special case where R(G,C) = 0. We mainly follow the idea
in [M2] of applying Segal’s spectral sequence to the simplicial descriptions of G
and A as in Section 4.5. The result, which is recorded in Theorem 4.6.4, is analo-
gous to Freed-Hopkins-Teleman Theorem. It basically asserts that KRG∗ (G−,Ak+h∨)
is isomorphic to Verlinde algebra tensored with the coefficient ring KR∗(pt), thus
exhibiting Real formality (cf. Remark 2.3.2).
4.6.1 Conditions equivalent to R(G,C) = 0
Proposition 4.6.1. Suppose G is a compact semi-simple Real Lie group. The following
are equivalent.
1. R(G,C) = 0.
2. σ+ : t∗ → t∗ is identity.
3. −w′0 acts as identity on t′.
4. t′ is a direct sum of simple compact Lie algebras of types not from the following list:
(a) Al for l ≥ 2,
(b) D2n+1, and
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(c) E6.
Proof. If Vλ is the irreducible representation with λ as the highest weight, then
σ∗GVλ  Vσ+(λ). Hence (1) and (2) are equivalent. That (2) and (3) are equivalent
can be seen by definition of σ+. If −w′0 is identity on t′, then w′0 acts nontrivially.
Thus k′ is centerless, for otherwise, w′0 would act trivially on the center. So k
′ is
semi-simple, and a direct sum of simple compact Lie algebras. According to Table
1 of [Bour], the longest element of Weyl group acts as −Id on the maximal total sub
algebra except those listed in (4). This shows that (3) implies (4). The converse is
easy. 
4.6.2 Representation-theoretic properties of twisted KR-homology
From now on we assume that R(G,C) = 0. Below is a list of representation the-
oretic properties of equivariant twisted KR-homology which are adapted from
their counterparts from [M2] to the Real context. They can be mostly deduced by
Poincare´ duality as in Section 1.6.
1. Suppose B is an equivariant Real G-DD bundle over a point, and Ĝ is the
central extension of G obtained by pulling back the central extension
1 −→ U(1) −→ U(H) −→ Aut(K(H)) −→ 1
through the map G → Aut(K(H)). Define RR(Ĝ,R)k (reps. RH(Ĝ,R)k) to be
the Grothendieck group of Real Ĝ-representations of real type (reps. quater-
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nionic type) where the central circle acts by weight k. A twisted KR-theoretic
analogue of Proposition 2.4.3 yields
KR∗G(pt,B)  (RR(Ĝ,R)1 ⊕ RH(Ĝ,R)1 ⊗ KR∗(pt))
Applying Poincare´ duality gives
KRG∗ (pt,B)  (RR(Ĝ,R)−1 ⊕ RH(Ĝ,R)−1) ⊗ KR∗(pt)
2. The irreducible complex representations of GI are indexed by those weights
in Λ∗I,+. By [P, Theorem 3], K
∗(G/GI)  R(GI) ⊗R(G) Z (Z is an R(G)-module
through the augmentation map) and hence G/GI is weakly equivariantly
formal G-space. In particular, K∗(G/GI) is freely generated, as an abelian
group, by the isomorphism classes of homogeneous vector bundles G ×GI Vλ,
λ ∈ Λ∗I,+. These vector bundles are equipped with anti-linear automorphism
[(g, v)] 7→ [(σG(g)k−10 , v)], which is either a Real or Quaternionic structure ac-
cording as whether (k20)
λ = 1 or −1. By Theorem 2.3.1, we have an isomor-
phism
IGGI : (R(GI)
R ⊕ R(GI)H) ⊗RR(G) Z ⊗ KR∗(pt)→ KR∗(G/GI)
where R(GI)R (reps. R(GI)H) is the abelian group freely generated by the iso-
morphism classes of irreducible complex representations Vλ with (k20)
λ = 1
(reps. (k20)
λ = −1). Here R(GI)R and R(GI)H are assigned with degree 0 and
−4 respectively. The forgetful map KR∗G(G/GI) → KR∗(G/GI) is obviously
onto as the homogeneous vector bundles have canonical equivariant struc-
ture compatible with the Real or Quaternionic structure. Together with the
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fact that G/GI is a weakly equivariantly formal G-space, we have that G/GI is
Real equivariantly formal by Definition 2.5.2, and the isomorphism (denoted
again by IGGI by abuse of notation)
IGGI : (R(GI)
R ⊕ R(GI)H) ⊗ KR∗(pt)→ KR∗G(G/GI)
by Theorem 2.5.5. It is worthwhile to note that KR∗G(G/GI) is not isomor-
phic to RR(GI) ⊗ KR∗(pt) in general, as one might expect from the fact that
K∗G(G/GI)  R(GI). A counter-example is provided by G = SU(2m), T the max-
imal torus of diagonal matrices, σG and σG/T the symplectic type involution.
One can easily generalize the above result to the twisted case. We had an
isomorphism
IGGI : (R(ĜI)
R
k ⊕ R(ĜI)Hk ) ⊗ KR∗(pt)→ KR∗G(G/GI , (AoppI )k)
which is translated by Poincare´ duality to the isomorphism
IGGI : (R(ĜI)
R
k ⊕ R(ĜI)Hk ) ⊗ KR∗(pt)→ KRG∗ (G/GI ,AkI ⊗ (G ×GI Cl(g/gI)))
Here ĜI is the central extension defined in Section 4.5.
3. According to the proof of [M2, Theorem 4.7], if SI is the spinor module over
Cl(g/gI) induced by a choice of complex structure of g/gI , andH is the Hilbert
space used to construct the equivariant fundamental DD bundle A as in
Lemma 4.5.4, the Cl(g/gI)−K(Hh∨)-bimodule Hom(Hh∨ ,SI) is GI-equivariant
and witnesses the Morita isomorphism between Cl(g/gI) andK(Hh∨). We can
carry this result over to the Real situation by replacing H with H ′, the Real
G-Hilbert space used in constructing the equivariant Real fundamental DD
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bundle in Section 4.5, and equipping g/gI with the Real structure induced
by σG/GI , which is compatible with the complex structure determined by our
choice of positive root system as in Section 4.4. Fixing ξ ∈ int(∆I) and letting
ψI : G/GI → G be defined by gGI 7→ gexp(ξ)g−1, we have that G ×GI Cl(g/gI)
and ψ∗IAh
∨
 G ×GI K(H ′h∨) are Morita isomorphic as Real G-DD bundles, the
isomorphism being witnessed by G ×GI Hom(H ′h∨ ,SI).
4. Using (1), (2) and the Morita isomorphism Cl(g/gI)  K(H ′h∨) witnessed by
Hom(H ′h∨ ,SI) as in (3), we get that
KRG∗ (G/GI ,Ak+h
∨
I )
(Id,G×GI Hom(H ′h
∨
,SI ))∗−→ KRG∗ (G/GI ,AkI ⊗ (G ×GI Cl(g/gI)))
(IGGI )
−1
−→ (R(ĜI)Rk ⊕ R(ĜI)Hk ) ⊗ KR∗(pt)
For J ⊂ I, the natural projection ϕJI : G/GI → G/GJ induces
ϕJI ∗ : KR
G
∗ (G/GI ,Ak+h
∨
)→ KRG∗ (G/GJ,Ak+h
∨)
J
which, with the above identification, amounts to the (Real) holomorphic induction
map (tensored with IdKR∗(pt))
RindJI ⊗ IdKR∗(pt) : (R(ĜI)Rk ⊕ R(ĜI)Hk ) ⊗ KR∗(pt)→ (R(ĜJ)Rk ⊕ R(ĜJ)Hk ) ⊗ KR∗(pt)
which is taken with respect to the complex structure ofGJ/GI  ĜJ/ĜI determined
by the choice of positive root system of G as in Section 4.4 (cf. [M2, Proposition
4.14]).
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4.6.3 Computation of KRG∗ (G−,Ak+h
∨
) when R(G,C) = 0
The Segal’s spectral sequence, introduced in [S1], can be viewed as a generaliza-
tion of Mayer-Vietoris sequence and is best suited to computing the (co)homology
of simplicial spaces. The simplicial description of G andA as in Section 4.5 makes
this special kind of spectral sequence an ideal tool to compute KRG∗ (G−,Ak+h∨). Its
E1-page is
E1p,q =
⊕
|I|=p+1
KRGp+q(G/GI × ∆I ,G/GI × ∂∆I ,Ak+h
∨ × ∆I)
=
⊕
|I|=p+1
KRGp+q(G/GI × B0,p,G/GI × S 0,p,Ak+h
∨
I )
=
⊕
|I|=p+1
KRGq (G/GI ,Ak+h
∨
)
differential d1 : E1p,q → E1p−1,q defined on the summand KRGq (G/GI ,Ak+h
∨
) as the
alternating sum
∑p
r=0(−1)rϕδr II ∗, where δrI = I \ {ir} if i0 < i1 < · · · < ip ∈ I. The
identification made in (4) of Section 4.6.2 enables us to rewrite the q-th row of the
E1-page as the complex
0→
⊕
|I|=l+1
(R(ĜI)Rk ⊕ R(ĜI)Hk ) ⊗ KR∗(pt)→ · · · →
⊕
|I|=1
(R(ĜI)Rk ⊕ R(ĜI)Hk ) ⊗ KR∗(pt)→ 0
(4.2)
where d1 becomes
∑|
r=0 I|(−1)rRindδr II ⊗IdKR∗(pt) on the summand (R(ĜI)Rk ⊕R(ĜI)Hk )⊗
KR∗(pt).
Let us for the time being ignore the coefficient ring KR∗(pt) and the grading of
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the representation group R(ĜI)Rk ⊕R(ĜI)Hk (or, the type of representations). What re-
mains of the complex (4.2) after this simplification is the complex of R(G)-modules
0→
⊕
|I|=l+1
R(ĜI)k
∂l→ · · · ∂1→
⊕
|I|=1
R(ĜI)k → 0 (4.3)
with ∂p :
⊕
|I|=p+1 R(ĜI)k →
⊕
|I|=p R(ĜI)k being the alternating sum of ordinary
holomorphic induction. This is exactly the E1-page of Segal’s spectral sequence
for KG∗ (G,Ak+h∨), which is known to be acyclic, except in the zeroth position where
the homology is the level k Verlinde algebra Rk(G) (cf. [M2, Theorem 5.3], [Dou1,
Proposition 2.4] and [Dou2, Proposition 2.1]). Moreover, by [M2, Theorem 5.3],
we have
Proposition 4.6.2. The complex of R(G)-modules (4.3) admits homotopy operators hp :⊕
|I|=p R(ĜI)k →
⊕
|I|=p+1 R(ĜI)k, 1 ≤ p ≤ l.
Proof. We shall give a proof inspired by the descriptions of R(ĜI)k in terms of
affine Weyl invariants of weights as in [Dou1] and [Dou2]. The complex of R(G)-
modules can be rewritten as
0 −→
⊕
|I|=l+1
Z[Λ∗]WkI
∂l−→ · · · ∂p+1−→
⊕
|I|=p+1
Z[Λ∗]WkI
∂p−→ · · · ∂1−→
⊕
|I|=1
Z[Λ∗]WkI −→ 0
Note that Z[Λ∗]WkI is spanned by A
WkI
µ+ρI
A
W0I
ρI
for µ ∈ Λ∗, where AWλ means the skew-
symmetrization of λ with respect to the reflection group W. The map ∂p :⊕
|I|=p+1 Z[Λ
∗
I ]
WkI −→⊕|J|=p Z[Λ∗J]WkJ then takes the following form
AW
k
I
µ+ρI
AW
0
I
ρI
7→
p⊕
r=0
(−1)rA
Wkδr I
µ+ρδr I
A
W0δr I
ρδr I
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Define, for 0 ≤ i ≤ l, hip :
⊕
|I|=p Z[Λ
∗WkI ]→⊕|I|=p+1 Z[Λ∗]WkI by
A
WkI
µ+ρI
A
W0I
ρI
7→ (−1)r0 A
WkI∪{i}
µ+ρI∪{i}
A
W0I∪{i}
ρI∪{i}
if ir0−1 < i < ir0
A
WkI
µ+ρI
A
W0I
ρI
7→ 0 otherwise
and hp :=
⊕l
i=0 h
i
p. Then hp is the desired homotopy operator by straightforward
computations. 
Remark 4.6.3. The Segal’s spectral sequence collapses on the E1-page, and hence
KG∗ (G,Ak+h∨) is isomorphic to Rk(G) as R(G)-modules. As this module isomor-
phism takes the ring homomorphism ι∗ : KG∗ (pt)  R(G) → KG∗ (G,Ak+h∨) to the
quotient map R(G) → Rk(G) (cf. [M2, Remark 5.5]), it is actually a ring isomor-
phism.
Returning to the E1-page of the spectral sequence of KRG∗ (G,Ak+h∨), we observe
that the complex (4.2) is simply got by tensoring the complex (4.3) with KRq(pt)
and equipping the representation group R(ĜI)k with a grading according to the
type of representations. By Proposition 4.6.2 and the right exactness of taking ten-
soring product, (4.2) is also acyclic except at the zeroth position, whose homology
is isomorphic to the level k Verlinde algebra tensored with KR∗(pt). Applying sim-
ilar arguments in Remark 4.6.3 yields the following main result in this Chapter.
Theorem 4.6.4 (Real Freed-Hopkins-Teleman for R(G,C) = 0). Let R(G,C) = 0, and
Ik be generated by r1, · · · , rm ∈ R(G). Let RIk be the ideal in KRG∗ (pt)  (RR(G,R) ⊕
RH(G,R)) ⊗ KR∗(pt) generated by the same set of isomorphism classes of representations,
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with the irreducible components of each ri assigned with appropriate gradings (either 0 or
−4) according to their types. Then the pushforward map
KRG∗ (pt)→ KRG∗ (G−,Ak+h
∨
)
is onto with kernel RIk.
Remark 4.6.5. 1. In [Dou2], Douglas gave an explicit description of Verlinde
algebra of G. In particular, he gave a list of generators of Ik for each type of
simple, connected, simply-connected and compact Lie groups in such a way
that the number of generators is independent of the level k. One may use this
list to get RIk and hence a description of KRG∗ (G−,Ak+h∨).
2. By the above Theorem, the degree 0 part KRG0 (G
−,Ak+h∨)  RR(G)/(RIk∩RR(G))
gives the Real Verlinde algebra, the Grothendieck group of the isomorphism
classes of Real positive energy representations of the Real loop group LG,
where the Real structure of LG is given by
σLG : LG → LG
` 7→ σG ◦ ` ◦ c
with c meaning reflection on the unit circle.
We are unable to apply the Segal’s spectral sequence argument to get a de-
scription of KRG∗ (G−,Ak+h∨) for R(G,C) , 0. The main obstacle is the far more
complicated form of the E1-page as a result of the nontrivial Real structure on ∆I .
Nevertheless, we propose the following
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Conjecture 4.6.6. Let the level k Verlinde ideal Ik be generated by r1, · · · , rm ∈ R(G), and
RIk be the ideal in KRG∗ (pt) with generators obtained from r1, · · · , rm by the followings.
1. If the irreducible component of ri can be made a Real (resp. Quaternionic) represen-
tation, then assign it with degree 0 (resp. −4).
2. If the irreducible component s of ri is a complex type representation, then replace it
with the double s + σ∗Gs, which is assigned with degree 0.
Then the pushforward map
KRG∗ (pt)→ KRG∗ (G−,Ak+h
∨
)
is onto with kernel RIk.
We hope to find an analogy of the structure theorem, Theorem 2.5.5 for equiv-
ariant KR-homology, and hence an easier way to compute KRG∗ (G−,Ak+h∨) in gen-
eral cases using just the statement of Freed-Hopkins-Teleman Theorem and the
knowledge of how σ∗G acts on Verlinde algebra. It may be useful to find a de-
scription of the K-homology classes of KG∗ (G,Ak+h∨) using twisted Fredholm mod-
ules or twisted geometric K-homology cycles (cf. [W]), so that ‘Real lifts’ of those
classes in KRG∗ (G−,Ak+h∨) can be defined explicitly.
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4.7 Future work
Apart from working on Conjecture 4.6.6, we would like to pursue in the direction
of geometric quantization in the future.
Traditionally, geometric quantization is a mathematical procedure of defining
a quantum theory corresponding to a classical phase space. In its greatest gen-
erality, this procedure associates an equivariant pre quantum line bundle L on a
Hamiltonian G-manifold M to the equivariant index of the Spinc Dirac operator of
the spinor bundle twisted by L, which is a G-representation (see [M3, Definition
4.3]). It was conjectured by Guillemin-Sternberg in [GS] and proved by Mein-
renken in [M1] that taking the geometric quantization of the symplectic reduction
of M is the same as taking the trivial sub representation of its geometric quantiza-
tion. This is the so-called ‘quantization commutes with reduction’ principle. For
a detailed account see [Sj].
q-Hamiltonian manifolds, introduced in [AMM], are a variant of Hamiltonian
manifolds which possess G-valued moment map
Φ : M → G
The equivalence of categories of q-Hamiltonian G-manifolds and Hamiltonian
LG-manifolds enables one to define the notion of geometric quantization of q-
Hamiltonian manifolds with index of Spinc Dirac operators. In this case the quan-
tum theory is positive energy representations of LG. One drawback of such a
formulation is that it involves analysis in infinite dimensional terms. Recently,
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Meinrenken proposed an elegant formulation of geometric quantization of q-
Hamiltonian manifolds using Freed-Hopkins-Teleman Theorem (cf. [M3], [M4]).
The pre quantum line bundle is replaced by a level k pre quantum datum which
is a Morita morphism
(Φ,E) : Cl(TM)→ Ak+h∨
which induces the pushforward map in K-homology
(Φ,E)∗ : KG∗ (M,Cl(TM))→ KG∗ (G,Ak+h
∨
)
The geometric quantization of M is defined to be (Φ,E)∗([M]), where [M] denotes
the fundamental class. This quantization scheme has several advantages in that
it does not involve quantizing the corresponding Hamiltonian LG-space, which is
an infinite dimensional Banach manifold, and does not mention any twisted Dirac
operator at all. Meinrenken also proved ‘quantization commutes with reduction’
under this formulation.
It would be interesting to investigate the Real analogue of this quantization
scheme. As a first step in this direction, we have defined Real q-Hamiltonian
G-manifolds, based on the definition of Real Hamiltonian G-manifolds given in
[OS]. We found that the G-moment map Φ is then a Real map from M to G, the
latter of which is endowed with an anti-involution. This gives yet another (meta-)
reason why one should consider KRG∗ (G−,Ak+h∨), Owing to the richer structure of
KRG∗ (G
−,Ak+h∨) than that of Verlinde algebras, it will be interesting to understand
what physical interpretations the extra information gives. For example, what do
the torsions and the elements in higher degrees of the twisted equivariant KR-
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homology mean under the Real quantization scheme? We would like to address
this kind of questions in the future.
114
BIBLIOGRAPHY
[AMM] A. Alekseev, A. Malkin, E. Meinrenken, Lie group valued moment maps, J.
Differential Geom., Vol. 48, no. 3, 445-95, 1998.
[At] M. F. Atiyah, K-theory, W. A. Benjamin, Inc., 1964.
[At2] M. F. Atiyah, On the K-theory of compact Lie groups, Topology, Vol. 4, 95-99,
Pergamon Press, 1965.
[At3] M. F. Atiyah, K-theory and reality, Quart. J. Math. Oxford (2), 17, 367-86,
1966.
[At4] M. F. Atiyah, Bott periodicity and the index of elliptic operators, Quart. J. Math.
Oxford (2), 19, 113-40, 1968.
[ABS] M. F. Atiyah, R. Bott and A. Shapiro, Clifford Modules, Topology, Vol 3,
Suppl. 1, pp. 3-38, 1964.
[AS] M. F. Atiyah, G. Segal, Equivariant K-theory and completion, J. Differential
Geometry 3, 1-18, 1969.
[AS2] M. F. Atiyah, G. Segal, Twisted K-theory, Ukr. Mat. Visn., 1(3): 287330, 2004.
[BHS] P. Baum, N. Higson, T. Schick, On the equivalence of geometric and analytic
K-homologty, Pure and Applied Math. Quaterly, Vol. 3, No. 1, Special Issue
in honor of Robert MacPherson, part 3 of 3, 1-24, 2007.
[Be] A. Beauville, Conformal blocks, fusion rules and the Verlinde formula, Hirze-
bruch 65 Conference on Algebraic Geometry [Israel Math. Conf. Proc. 9],
M. Teicher, ed. (BarIlan University, Ramat Gan 1996), p. 75.
[BL] A. Beauville and Y. Laszlo, Conformal blocks and generalized theta functions,
Comm. Math. Phys. 164 (1994), 385-419.
[Bour] N. Bourbaki, Lie groups and Lie algebras, Chapters 7-9, Springer-Verlag,
2005.
115
[BCMMS] P. Bouwknegt, A. Carey, V. Mathai, M. Murray, D. Stevenson, Twisted
K-theory and K-theory of bundle gerbes, Comm. Math. Phys., Vol. 228 no. 1,
17-45, 2002.
[Bot] R. Bott, The periodicity theorem for the classical groups and some of its applica-
tions, Advances in Mathematics, Vol. 4, 353-411, 1970.
[BtD] T. Bro¨cker, T. tom Dieck, Representations of compact Lie groups, Graduate Text
in Mathematics, Vol. 98, Springer-Verlag, 1985.
[BZ] J.-L. Brylinski, B. Zhang, Equivariant K-theory of compact connected Lie
groups, K-Theory, Volume 20, Issue 1, pp. 23-36, May 2000.
[CCM] A. Carey, D. Crowley, M. Murray, Principal bundles and the Dixmier Douady
class, Commun. Math. Phys. 193, 171-196, 1998.
[CW] A. Carey, B-L. Wang, Thom isomorphism and push-forward map in twisted K-
theory, Journal of K-theory: K-theory and its Applications to Algebra, Ge-
ometry, and Topology, 1, 357-393, 2008.
[DiDo] J. Dixmier, A. Douady, Champs continus d’espaces hilbertiens et deC∗-algebres,
Bull. Soc. Math. France, Vol. 91, 227-84, 1963.
[DK] P. Donovan, M. Karoubi, Graded Brauer groups and K-theory with local coeffi-
cients, Publ. Math. de IHES, Vol 38, 5-25, 1970.
[DMR] C. Doran, S. Mendez-Diez, J. Rosenberg, T-duality for orientifolds and KR-
theory, preprint, available at http://arxiv.org/abs/1306.1779
[Dou1] C. Douglas, On the structure of the fusion ideal, Commun. Math. Phys.
290(1), 335-355, 2009.
[Dou2] C. Douglas, Fusion rings of loop group representations, Commun. Math.
Phys. 319, 395-423, 2013.
[F] C.-K. Fok, The Real K-theory of compact Lie groups, Symmetry, Integrability
and Geometry: Methods and Applications, Vol. 10, 022, 26 pages, 2014.
116
[Fr] D. S. Freed, The Verlinde algebra is twisted equivariant K-theory, Turk J Math
25, 159-167, 2001.
[FHT1] D. S. Freed, M. J. Hopkins, and C. Teleman, Loop groups and twisted K-
theory I J. Topol., 4(4): 737798, 2011.
[FHT2] D. S. Freed, M. J. Hopkins, and C. Teleman, Loop groups and twisted K-
theory II, J. Amer. Math. Soc., 26(3):595644, 2013.
[FHT3] D. S. Freed, M. J. Hopkins, and C. Teleman, Loop groups and twisted K-
theory III, Ann. of Math. (2), 174(2):9471007, 2011.
[FH] W. Fulton, J. Harris, Representation theory, a first course, Graduate Text in
Mathematics, Vol. 129, Springer-Verlag, 1991.
[Gr] A. Grothendieck, Sur quelques points d’algebre homologique, Tohoku Math. J.
9, 119-221, 1957.
[GS] V. Guillemin, S. Sternberg, Geometric quantization and multiplicities of group
representations, Invent. Math., Vol. 67, 515-538, 1982.
[HL] M. Harada, G. Landweber, Surjectivity for Hamiltonian G-spaces in K-theory,
Trans. Amer. Math. Soc., Vol. 359, No. 12, pp. 6001-6025, Dec. 2007.
[HLS] M. Harada, G. Landweber, R. Sjamaar, Divided differences and the Weyl char-
acter formula in equivariant K-theory, Math. Res. Lett. 17, no. 3, 507-527, 2010.
[HR] N. Higson, J. Roe, Analytic K-homology, Oxford Science Publications, 2000.
[Ho] L. Hodgkin, On the K-theory of Lie groups, Topology, Vol. 6, pp. 1-36, Perga-
mon Press, 1967.
[Kah] B. Kahn, Construction de classes de Chern e´quivariantes pour un fibre´ vectoriel
re´el, Comm. Algebra, 15(4): 695-711, 1987.
[Kar] M. Karoubi, Twisted K-theory: old and new, K-theory and noncommutative
geometry, 117-149, EMS Ser. Congr. Rep. EMS, Zrich, 2008.
117
[Kas] G. G. Kasparov, Topological invariants of elliptic operators I: K-homology, Math.
USSR Izvestija, 9: 751-92, 1975.
[M1] E. Meinrenken, Symplectic Surgery and the Spinc-Dirac operator, Adv. in
Math., Vol. 134, 240-277, 1998.
[M2] E. Meinrenken, On the quantization of conjugacy classes, L’Enseignement
Mathematique, Vol. 55, 33-75, 2009.
[M3] E. Meinrenken, Lecture notes on group-valued moment maps and Verlinde for-
mulas, Mathematical aspects of quantization, 175-210, Contemp. Math.,
583, Amer. Math. Soc., Providence, RI, 2012.
[M4] E. Meinrenken, Twisted K-homology and group-valued moment maps, Interna-
tional Mathematics Research Notices, Vol. 20, 4563-4618, 2012.
[Mu] M. Murray, Bundle gerbes, J. London Math. Soc. (2) 54, 403-416, 1996.
[MS] M. Murray, D. Stevenson, Bundle gerbes: Stable isomorphism and local theory,
J. London Math. Soc., 62, 925-937, 2000.
[P] H. V. Pittie, Homogeneous vector bundles on homogeneous spaces, Topology,
Vol. 11, pp. 199-203, Pergamon Press, 1972.
[OS] L. O’Shea and R. Sjamaar, Moment maps and Riemannian symmetric pairs,
Math. Ann., Vol. 317, no. 3, 415-457, 2000.
[R] J. Rosenberg, Continuous trace C∗-algebras from the bundle theoretic point of
view, J. Aust. Math. Soc. A47, 368, 1989.
[S1] G. Segal, Classifying spaces and spectral sequences, Inst. Hautes E´tudes Sci.
Publ. Math., No. 34, 105-112, 1968.
[S2] G. Segal, Equivariant K-theory, Inst. Hautes E´tudes Sci. Publ. Math., No. 34,
129-151, 1968.
[Se] R. M. Seymour, The real K-theory of Lie groups and homogeneous spaces, Quart.
J. Math. Oxford (2), 24, 7-30, 1973.
118
[Sj] R. Sjamaar, Symplectic reduction and Riemann-Roch formulas for multiplicities,
Bull. Amer. Math. Soc. (New Series), Vol. 33, No. 3, July 1996.
[St] A. Stieglitz, Equivariant sheaf cohomology, Manuscripta Math. 26, 201-221,
1978.
[V] E. Verlinde, Fusion rules and modular transformations in 2d conformal field the-
ory, Nuclear Physics B300, 360-376, 1988.
[W] B.-L. Wang, Geometric cycles, index theory and twisted K-homology, J. Non-
commut. Geom. 2, 497-552, European Math. Society, 2008.
119
